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ABSTRACT

Computational materials science enables unique insight into atomistic processes that cannot be
probed with current experimental apparatuses. For decades, the field has oftered new understanding
in a variety of material domains, ranging from polymers, proteins, and biophysics to battery materi-
als, solvents, and many others. Of particular interest are molecular dynamics studies that can be used
to analyze the kinetic and thermodynamic behavior of such systems.

Machine learning has shown to be a valuable tool in modeling the potential energy surface re-
quired for these methods. Despite significant progress in both the hardware, software, and theo-
retical capabilities of molecular dynamics approaches and machine learning, studying atomistic
processes with long spatial and temporal scales at full atomistic resolution becomes prohibitive. To
this end, coarse graining is a crucial alternative that enables the study of these systems with more fine
tuned control than can be achieved in experimental setups, while also retaining a higher degree of
spatial and temporal fidelity than would be possible experimentally.

In this dissertation, I will introduce a flexible Bayesian force field approach to design coarse
grained free energy models. These novel methods enable an automated approach to the data collec-
tion process, while most importantly allowing for highly transferable models. I will further demon-
strate how new approaches that utilize the integration of physics principles can provide more accu-
rate and robust machine learning models for coarse graining applications. Finally, I will discuss on-
going and future developments, applications, and considerations for the future of computational
materials exploration using these scalable and accurate methodological advancements.
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An expert is a person who has made all the mistakes that

can be made in a very narrow field.

Niels Bohr

Introduction

UNDERSTANDING THE BEHAVIOR OF MATERIALS is of central importance to the development of
new technologies. In order to tackle problems such as clean energy and the discovery of novel drugs,
it is essential to have a deep understanding of a variety of properties, ranging from thermodynamic
quantities such as solubility and phase transition curves, to kinetic quantities including diffusion

and thermal conductivity.



While experimental methods are the final arbiter in definitively stating how materials behave, ex-
isting apparatuses are limited in time- and length-scales resolutions they can access. Moreover, many
high resolution techniques require removing the system from its native state, such as in cryogenic
electron microscopy*. In addition, rapidly screening large quantities of materials is impractical for
experimental techniques.

On the other hand, computational tools allow for much finer control over the system state, en-
abling precise control of temperature and pressure conditions and removing undesired effects from
external sources. With the comparative compactness and scalability of CPU and GPU computing
architectures, these ideas can be leveraged to employ simulations in massively parallel settings. Asa
result, computational approaches are able to remove more unknowns in an experimental set up and
more rapidly investigate the origins of material behavior.

From this lens, atomistic modeling in particular has enjoyed a rich history of innovation and

1,8,9,10,11

discovery 5-¢7- . Specifically, atomistic models have long been used to study the phase behav-

ior'2, structure '37-18:9,10,11

, and a vast array of other properties of a wide range of materials. More
importantly, atomistic modeling has complemented experimental efforts in a positive feedback loop,
wherein computation has been used to better understand atomic processes that lead to observable

behavior in experiments that are otherwise poorly understood *+* 5,16

. In some exceptional cases,
computational works have even been used to discover new materials altogether 7.

A central component that enables these studies lies in developing an understanding of the sys-
tem’s potential energy surface. The potential energy is ubiquitous in these approaches, as it can be
used in molecular dynamics (MD) to integrate Newton’s equations of motion. This gives direct
access to the kinetic and thermodynamic behavior of a system, akin to approaches taken in exper-
imental settings. Alternatively, sampling techniques such as Monte Carlo (MC) methods are able

to use the potential energy to sample the thermodynamic Boltzmann distribution. As such, accu-

rate modeling of this function and its derivatives (i.e. atomic forces) is a key focus of computational



materials science research.

While we often regard atoms as classical point particles, the origin of atomic forces is fundamen-
tally quantum mechanical in nature. It is often assumed that nuclei move on the Born-Oppenheimer
(BO) potential energy surface, wherein electronic degrees of freedom instantaneously relax to their
ground state, setting up an external potential in which nuclei move in. The Hellman-Feynman the-
orem provides a direct relationship between the ground state of the electrons to the potential energy
and atomic forces experienced by atoms, enabling 24 initio MD studies to be performed. Although
solving Schrodinger’s equation at every step of an MD trajectory is possible, at least in an approxi-
mate way through density functional theory (DFT), these approaches are extremely expensive.

One alternative solution is to approximate molecular forces using classical potentials. Chemical

intuition informs us that many bonded systems are quadratic in nature 65

, for example, and simple
functional forms can similarly be employed to model other two-, three- and four-body interactions
of atoms'?. While these interatomic potentials (IPs) are quite fast, they remain limited in accuracy

compared to b initio approaches > %"

?. More recently, advances in machine learning (ML) have
aimed at modeling the BO surface more efficiently »»%92 1110212223, T everaging DFT-based
atomic force and energy data, machine learning trains models that are orders of magnitudes faster
than DFT while being able to maintain a high degree of accuracy and interpolate within the space of
data. While MD in this framework is slower than classical IPs, the gained accuracy is significant.
Despite tremendous success in these directions, limitations remain in the ability of atomistic
models to probe important physical processes. Classical force fields are, in most realistic cases, lim-
ited to the study of systems on the order of millions of atoms at most, and at timescales of microsec-
onds. Moreover, exceeding these limits simultaneously is particularly challenging. While exceptions
to these limits have been demonstrated, in all practical terms it is infeasible to acquire the resources

needed to achieve such simulations. Similarly, ML based b initio simulations suffer from the same

performance bounds.



In response to such limitations, coarse graining (CG) approaches aim to model systems at a re-
duced resolution that allows for computational efficiency while still providing fine control of vari-
ables that is absent in experimental set ups 24,25,26,27,28,29,30,31,32:33,34 The fundamental idea under-
lying these approaches is that a) certain degrees of freedom are uninteresting to large length- and
time-timescale motions, such as heavy atom - hydrogen bonds, and b) the timesteps required for nu-
merically stable simulation are limited by these unimportant fast degrees of freedom. By removing
this information, CG methods promise to allow simulation of entirely new length- and time- scales.

However, two competing approaches to coarse graining have brought with them important
trade-offs. One idealogical principle suggests that, much like classical force fields, coarse grained
potentials should be constructed with common molecular mechanic functional forms, with pa-
rameters tuned to reproduce experimental observations*+3'3%29:35 While promising in principle
and extremely fast, these approaches limit the general transferability of potentials to new system
classes and have no assurances about model behavior on properties outside of the training set. Al-
ternatively, it is possible to take a “bottom up” approach, wherein the CG model is built from an
underlying atomistic model. In this approach, the thermodynamic properties of the target system
are entirely preserved >>?»?®37_ Though this is a highly appealing aspect of such models, it comes at
the expense of requiring far more complex functional forms. The growing success of ML in mate-
rials science, as well as significant advances in computational power, has recently motivated a new
wave of work in developing better bottom up CG models.

In this thesis, I will start by providing the necessary background to understand ML in the con-
text of atomistic modeling. I will then introduce the background, successes, and limitations of ex-
isting CG approaches in order to motivate the integration of ML techniques into CG modeling.
Further, recent advances in the use of ML for CG modeling will be reviewed. The main body of
work of my PhD is presented herein, starting from a novel Bayesian implementation of principled

coarse grained potentials. I demonstrate how these new developments enable on-the-fly adaptation



of models across molecular systems while providing far greater efficiency to their all-atom coun-
terparts. This work further illuminates issues that have begun to show up in the atomistic and CG
communities regarding the insufficiency of aggregate force-error metrics for understanding model
performance. Important new links between Bayesian uncertainty and model predictions will thus
be presented.

Subsequently, we aim to address the inaccuracies of many CG models in structural property pre-
diction with new physics-informed approaches to the design of coarse grained models. This work
serves as the basis for a fundamental shift in the CG research community. Where models have tra-
ditionally been trained with force information alone, we propose the integration of a broad range
of thermodynamic properties into model training that can further improve data efficiency while
leading effortlessly to models that are more accurate over an array of different metrics. This in turn
inspires a wide range of new problems to be addressed, such as the integration of energetic informa-
tion for more accurate modeling of solubility and phase transformations at the CG level. I will end
these discussions with important examples of applications and theoretical developments that remain

active research, as well as an overview of where the field stands in relation to atomistic modeling.



A model must be wrong, in some respects, else it would be

the thing itself. The trick is to see where it is right.

Henry Bent

Machine Learning and Molecular Modeling

1.1 MOoLECULAR DyNAMICS

While many computational approaches exist for studying material properties, the focus of the work
in this thesis will rely primarily on the conclusions drawn from molecular dynamics (MD). The
central purpose of MD is to solve Newton’s equations of motion by integrating in time. However,

it is important to rigorously link experimental observation with computational methods in order



for them to be of any meaningful significance. The link between simulation, statistical mechanics,
and experiment will prove to be a central theme in the design of coarse grained potentials in later
chapters.

In a similar manner that physicists connect experimental approaches to statistical mechanics, so
too is the aim of molecular dynamics approaches. The fundamental assumption in both is the idea
of ergodicity. Specifically, statistical mechanics proposes that macroscopic material properties can
be understood as the statistical behavior of microscopic atomic states. Suppose that a system of 7
atoms, with Cartesian coordinates given by 7* and momenta p” has interactions governed by the

Hamiltonian

+ U(") (1.1)

Here, m; is the mass of each atom and U the potential energy. A given microstate of the system,
defined by a specific point in the phase space of 7 and p”, is said to occur with probability density

equal to the Boltzmann weight of the state, i.e.

exp(—B(X £+ UG, 7))
Z

PO"p") = (1.2)

where Z is the normalizing partition function, 8 = 1/k7 and k is the Boltzmann constant. Given a
function of this phase space, A(#”, p”), one can integrate over the density to compute the expected

value

A= /dr” dp" A(7 pYP (7 p") (1.3)

In practice, what experiments actually measure is a quantity averaged over time

_ 1 /7
,=1lim = [ d I.
A /0 t A() (1.4)
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The ergodic hypothesis assumes that all available microstates of a system will be explored over a
sufficiently long period of time, and therefore a time average and an ensemble average are equivalent.
Mathematically, this enables the comparison of predictions of statistical mechanics, experiments and
MD by assuming the equality

A=A, (1.5)

We note the ergodic hypothesis is not in general true. Nonetheless, MD work presumes that the
ergodic hypothesis is true in practice. In this way, rather than as an investigator of explicit dynamics,
MD can be seen in a more abstract sense as a sampler of the Boltzmann distribution. This will be a

crucial point in CG modeling.

1.2 INTERATOMIC POTENTIALS

Itis evident in the presentation of MD that a central quantity is the potential energy. In order to
understand the behavior of materials, it is essential to understand how the constituent particles in-
teract. Should we have a potential energy surface, U, that is a function of the Cartesian coordinates

of 7 nuclei, 7, Newton’s equations of motion tell us how such a system evolves in time:

ma; = —M (1.6)

Or;

Clearly, our understanding of materials systems hinges on the accuracy of the potential energy func-
tion.

At the most fundamental level, the interactions between electrons and nuclei are quantum me-
chanical in nature. As such, it is normal to first approach the problem by solving the Schrodinger

equation for the electronic Hamiltonian. If 7 electrons have coordinates 7 and N nuclei have coor-



dinates R, then the Hamiltonian acting on the electrons only is given by

n

e hz vz n N KZZJ'
—_227@- Z-—z;M_Rj‘ ZM_” (1.7)

where Z; is the nuclear charge. Hidden in this formalism is the assumption that nuclei move far
slower than the electrons themselves, such that the wavefunction of electrons and nuclei can be
factored as y(+*, RY) = - (; RN) ¢\ (RYN). In other words, the nuclear positions appear para-
metrically in the motion of the electrons, while the nuclear wavefunction evolves in response to the
relaxed ground state of the electrons. From this approximation, known as the Born-Oppenheimer
approximation, the electrons can be assumed to reach their ground state instantaneously, and their
explicit treatment can be removed by allowing the nuclei to move on the ground state energy surface
of the electrons parameterized by the nuclear coordinates, U(RY).

The goal in these methods is to use computational techniques such as coupled cluster theory or
DFT to solve for the electronic ground state, ¥, (#”; RYN). From this ground state, the Schrodinger

equation provides the ground state energy
U(RN) = <¢0(%?RN)|H|¢0(V”§RN)> (1.8)

It’s no surprise that this approach is extremely computationally demanding. Even the more ef-
ficient of quantum methods, DFT, scale roughly as the cube of the number of electrons in the sys-
tem, effectively limiting calculations to hundreds of atoms. In addition to poor scaling, the long
computational times in ground state calculations mean that MD simulations of atomic motion,
based on 4b initio calculations, are often limited to picosecond to nanosecond timescales.

Prior to advances in machine learning, the standard approach to improving simulation efficiency

was to instead rely on empirical observation and chemical intuition. In particular, one may imag-



ine that molecules involve harmonic bond potentials, harmonic bond angle potentials, dihedral
interactions describing bond rotations, as well as intermolecular effects such as van der Waals and

electrostatic interactions. A common molecular mechanics function may take the form

URN) =" k(Ry— R)?> + > ki (6, — 8)°

bonds angles
Sy
+ Y > S+ (—1)"* cos(np — 92))
dihedrals =1
A B 7.7
+3 (7 7 dek) (1)

i>7

In this equation, we provide parameters for the bond strengths, lengths, angles, as well as the dihe-
dral, or torsional, parameters for bond rotations. Additionally, we provide the nuclear charges for
the Coulomb interaction as well as coefficients for the so-called Lennard Jones interaction, which
captures long range dipole interaction effects as well as short-ranged repulsive effects. All parameters
can be tuned so that the systems of interest reproduce experimental observables, such as hydration
free energies, densities, and intramolecular structures through the MD methods presented previ-

ously. This has seen great success in many available force fields.

1.3 MACHINE LEARNING FOR ATOMISTIC MODELS

Despite the success of classical approaches to developing interatomic potentials, qualitative agree-
ment with experiment is often the best that can be hoped for. Clearly it is desirable to make more
accurate predictions with computation. In general, the functional form of the ab-initio based po-
tential presented above is unknown and highly complex. Inspired by the success of machine learning
in other problem domains, the early 2000’s began to see crucial developments in the application of

ML to materials science. Here, the goal is to model the BO potential energy surface of nuclei and its
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corresponding spatial gradients for subsequent use in MD studies.

The early work of Behler and Paranillo set the stage for these advances*°. From this launch point,
rapid innovation has followed. Most recently, state of the art Gaussian process (GP) methods ****
and neural network (NN) approaches ”*** have enabled tremendous studies at massive length scales

23,12

with high accuracy . The training of these models is enabled by the Hellman-Feynamn theo-

rem, giving access to nuclear forces in the ground state electron configuration. These forces, F*, and
energies, £, are often compiled into a loss function such that the parameters of an NN can be min-
imized to produce a sufficient approximation to the underlying potential. Specifically, given a set
of n, frames of ab initio data, for an ML model of the potential energy surface, E, as a function of

atomistic coordinates, 7%, the functional

2

OF
E, —E,

Fiy+ 871’1 (1.10)

t

L(Vn,e)zzlj ar 2+0£1:Z
t i

can be minimized with respect to model parameters, 6. Here, the sum over # and 7 represent sums
over system frames in a DFT calculation and all atoms within that frame, respectively. The alpha co-
efficients are hyper parameters that can be tuned. The global minimum is that model for which the
energy and forces of the training set are well reproduced. Based on this fundamental idea, different
NN architectures give rise to both new advances and new problems that are active areas of on going
research.

Alternatively, in a GP framework, the output of a model is related to force and energy labels via
a weighting scheme that depends on a kernel function. This kernel function describes the similar-
ity between two inputs, with the assumption being that test inputs that are close to training inputs
should have outputs that are weighted more heavily to those of that training output. The mathe-
matics of Gaussian processes will be explored more thoroughly in subsequent chapters.

Despite the tremendous success of MLFF’s in material modeling, important physical domains re-
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main relatively inaccessible. Coarse graining techniques have a long history in addressing these short
comings in the context of accelerating classical potentials, but only recently has ML been integrated
into these approaches to target the ultimate goal - a low resolution model with the accuracy of DFT.
In the following chapter, I will provide an overview of coarse graining techniques in the context of
classical potentials, and describe the ways in which coarse graining challenges necessitate a new ML

perspective.
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Ludwig Boltzmann, who spent much of bis life studying
statistical mechanics, died in 1906, by bis own hand.
Paul Ebrenfest, carrying on the work, died similarly in

1933. Now it is our turn to study statistical mechanics.

David Goodstein

The History and Theory of Coarse

Graining

THE CONTENTS OF THIS CHAPTER CLOSELY FOLLOW THE WORK:

B.R. DuscHATKO ET 4L, NP] COMPUT. MATER. 10 (1), 9 (2024).
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DIrRECT QUOTES FROM THE TEXT ARE USED WHERE APPROPRIATE, AND ADDITIONAL DETAIL IS

ADDED FOR COMPLETENESS.

2.1 LIMITATIONS OF ATOMISTIC MODELS

There are substantial limitations on the applicability of MD to situations where the behavior at long
length and time scales is relevant, such as many biological processes. For example, even the fastest of
classical interatomic potentials, those of Lennard-Jones (LJ) fluids, have severe limitations in these
regimes. On CPU hardware, we can get an approximate sense of the existing bounds on these meth-
ods. In Fig. 2.1, using a single CPU with with a 10 A cutoff and 1 kg/m3 density, and assuming
each particle is the mass of carbon, we examine the expected wall-time for a variety of system sizes
across a range of desired simulation times. Note that these times are approximations, in that differ-
ent processors and different processor configurations will give variations in performance. Moreover,
advances in GPU computing can significantly accelerate these values. However, even in these cases,
it is clear that biological scales remain out of reach.

The underlying reasons for these deficiencies are two fold. Fast degrees of freedom in the system
prohibit the use of larger integration time steps while creating a more rugged energy landscape that
typically slows important structural changes*#*#. Exploring a rough energy landscape with small
time steps becomes unfavorable when coarser resolution is of interest. In addition, computing forces
and updating the configuration state of every degree of freedom (DOF) at each time step in an all-
atom (AA) system can be a computational burden. For a variety of problems, fast motions such as
those of hydrogen vibrations do not play a significant role in long length- and time-scale properties,
making it unnecessary to track each DOF.

In the context of biological systems, understanding protein folding pathways and the bulk prop-
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Wall Time of LJ Fluids
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Figure 2.1: Wall Time of Lennard Jones Fluids. The simulation of Lennard-Jones liquids on single CPU’s for different
amounts of time and number of atoms is shown. Values are computed by running short simulations of the LJ system
with different numbers of atoms and extrapolating the performance to long time scales.
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erties of lipid bilayer membranes often require simulations of physical timescales on the order of
microseconds or longer, while also typically modeling tens or hundreds of thousands of atoms”-3®.
In the most cutting-edge applications of MD, on the other hand, it is not typically feasible to exceed
these two limits simultaneously. Similarly, at the all-atom scale protein-protein interactions, or more
generally polymer-polymer interactions, may not depend on all degrees of freedom. Accounting
for the effects of solvents adds additional computational complexity. In such scenarios as described
above, a variety of coarse grained (CG) techniques are often used to probe the system at longer time
scales and lower spatial resolution 394041423 4:43:29:24:28,25,26:27:31,30:44:29:35:45:46:47:48:49:50

Of central importance to modeling the thermodynamics of systems with CG approaches is iden-
tifying the reduced degrees of freedom, or CG beads, and determining the interactions between
them. To this end, two primary approaches are taken. Top-down methods are parametric mod-
els tuned to reproduce experimental observations, while bottom-up methods are built upon an
underlying all-atom description of the system. Top-down coarse grained force fields are well estab-
lished with widespread use across different applications 31,24,28,26,27,25,29,30,35,45,34 ywhile the devel-
opment of bottom-up coarse grained models has seen substantial activity within the past decade
OF 50325 15253:33:54:47:55:56:5758:59,602161 - Although top-down methods are appealing for many rea-
sons including thermodynamic transferability and speed, they fail in many regards to be more than
simply qualitative in nature. On the other hand, despite acquiring explicit dependence on thermo-
dynamic state points, bottom-up approaches can rigorously reproduce the statistical behavior of the
system of interest by targeting the many-body coordinate dependent free energy, often called the
potential of mean force (PMF), represented by a reduced set of coordinates>**3. In the following,

we will compare and contrast these two approaches, weighing their relative pros and cons.
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2.2 TorP DowN CoOARSE GRAINING

One approach to reducing the resolution of atomistic models is to design a model such that certain
experimentally observed properties of a set of systems are well reproduced in a MD simulation. Such
approaches are commonly referred to as “top down” coarse graining. In practice, this is not so differ-
ent to the techniques employed for the design of classical atomistic force fields. However, the design
space in CG models is far more expansive. While atomistic systems have well defined interacting
point particles, the choice of which degrees of freedom to ignore is non-trivial. The resulting CG
particles, or beads, should reflect in some sense the behavior of their constituent parts, and as such,
this choice has a significant impact on the optimal parameters of the corresponding force field.

Regardless, such approaches have seen widespread use and success >+*9:2¢27:2$:35:313° The func-
tional form of these new potentials is most commonly in resemblance to the typical molecular
model given by equation 1.9. As a result, the CG models exhibit far greater speed that has enabled
the study of a broader class of biological systems at increased length- and time-scales *+.

While highly efficient, top-down CG approaches are far from perfect. The simple analytical form
of the potential limits the achievable accuracy of the models, while targeting a subset of experimen-
tal properties prohibits confidence that a model will capture behavior outside of the training do-
main. Further, due to the increased design space of CG particle types, transferability across systems

is limited.

2.3 BorToM Upr COARSE GRAINING

Where top down methods fail to capture true material behavior with high confidence, bottom up
CG approaches aim to resolve this issue. We recall that MD can be viewed as a sampler the Boltz-
mann distribution. From this perspective, one might imagine constructing a potential such that the

resulting, low dimensional MD simulation appropriately samples the same distribution. In fact, this
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is precisely the approach of bottom-up models, whose name is acquired from the fact that they are
built in reference to a more fundamental atomistic system description. We review the mathematical
details, originally introduced in Ref.**, below.

Suppose we have an all-atom model consisting of 7 atoms at a set of positions 7* = {r1,72,...,7,}
and governed by a potential # (7). We consider a mapping of the AA system to N coarse grained

sites, given by RN = {R},R,,..., Ry}, of the form

n

R] = ]‘4](/[) = ECZ']‘}’Z‘ (2..1)

=1

where j denotes the index of the coarse grained site and 7 the index of each atom. The mapping coef-
ficients ¢;; must satisfy ) | ¢;; = 1 to ensure translation invariance of the resulting model **.
The above information is enough to define the Boltzmann probability distribution of the AA

system within the canonical ensemble, so that

p(7") = exp(—u(Zr:’)/kBT) (2.2)

with Boltzmann constant k3, temperature 7, and partition function Z,. Let the coarse grained sys-
tem be governed by its own potential, U(R™), so that we can define a Boltzmann probability for the

coarse grained sites at the same state points as

P(RN) _ exp(—U(RN)/kBT)

Zn (2.3)

For a consistent coarse grained model, we would like the probability of sampling a given coarse

grained configuration to be the same as if we had sampled the sites from the AA system. In other
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words,
N

2w = [ pon) [Lo07) - R)? (2.4

j=1
This requirement defines the potential of mean force (PMF), U(RY), as a coordinate-dependent

free energy surface in terms of an underlying AA model. In particular,

N

exp(— URN) /ksT) ox / 20" [[5(4,07) — Ry)ar (2.5)

J=1

The PMF allows us to define a force on each coarse grained site as a gradient of the free energy. This
force captures not only energetic effects, but also the entropic contributions to the free energy aris-
ing from the degrees of freedom being integrated out.

Formally, for mappings that take a group of atoms to their center of mass, and for which no atom

belongs to more than one coarse grained site, the mean force on each site is**

BE) = (31) =

LIS\

where Sy is the set of atoms involved in the mapping to site 7, f; is the atomistic force on atom 7, and

the average is a weighted ensemble average defined as

VT TIN  SOUL(7) — R
o — 18 I, 204() = R
J e T T, 3y () — Ry)dr

(2.7)

for an arbitrary function g of the atomistic coordinates. Note that it is not a requirement that every

atom have a non-zero weight in at least one mapping to a coarse grained site.
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Inside every non-Bayesian there is a Bayesian struggling

f0g€l' out.

Dennis Lindley

Gaussian Processes for Coarse Graining

THE CONTENTS OF THIS CHAPTER CLOSELY FOLLOW THE WORK:
B. R. DUSCHATKO ET 4L, NP] COMPUT. MATER. 10 (1), 9 (2024).
DIRECT QUOTES FROM THE TEXT ARE USED WHERE APPROPRIATE, AND ADDITIONAL DETAIL IS

ADDED FOR COMPLETENESS.
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The inherent complexity of the PMF has limited, in many cases, the utility of non-ML approaches.
In these settings, once again simple parametric equations are often employed. Even more flexible
spline-based models have proven to be of limited accuracy, showing difficulties in capturing struc-
tural material properties for example. While still of great value, these models leave much to be de-
sired.

Therefore, the wide array of problems that are faced in CG modeling motivate a new perspective.
For instance, in exploratory applications, such as the discovery of structure of large proteins or rapid
screening of soft materials, training CG models with a set of relevant configurations may become
infeasible. Some configurations may never be sampled due to their rarity or the time it takes for a
system to evolve into these states. For this reason, current approaches that do not use uncertainty
metrics rely heavily on substantial « priori knowledge of the target behavior of the all-atom system,
posing a limitation on their potential for wide spread applicability.

Moreover, it becomes increasingly difficult to assess the quality of models by estimating the
true error on the test set, since this requires long constrained dynamics trajectories to obtain well-
converged PMF data. In addition, traditional aggregate metrics such as mean absolute errors of
forces may not capture subtle deficiencies in a model. Also, bottom-up CG models are highly de-
pendent on the configuration and chemical make up of the all-atom system used for training, mak-
ing the transferability of these CG models difficult to anticipate.

Due to these complications and need for greater accuracy, machine learned (ML) forces fields
have recently gained traction over empirically parameterized classical potentials. In particular, the
success of all-atom machine learned force fields as surrogate models for b 7nitio molecular dynam-

ics 20,62,10,63,64,65,66,11,1,2,3,8,9,67,68,6

2 has resulted in increased interest in applying similar techniques
to modeling the PMF#7:55:5¢:57:58:59:60:21.61 "These approaches typically make use of regression over

long all-atom trajectories via a multiscale coarse graining / force matching technique that repro-

duces the all-atom PMF in the limit of sufficient sampling of the canonical ensemble**. In addition,
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machine learning has targeted related problems of choosing an optimal low-resolution representa-
tion of atomic systems*? and more broadly the problem of reconstructing atomic details from CG
models7®7"7*, So far, most ML approaches to CG models were based on neural networks (NN),
which possess a number of benefits. For example, they serve as highly flexible representations of
complex functions that can be trained on large training sets. Kernel-based methods have also been
proposed >, However, all ML-based CG models of the PMF to date lack a measure of uncer-
tainty through Bayesian techniques or even through neural network ensembles.

Compared to NNs, kernel-based Bayesian regression methods, such as Gaussian process (GP)
regression, provide access to predictive uncertainty and have been demonstrated to efficiently select

1206 One limitation is

sufficiently representative training sets via active learning in all-atom settings
the increase of the computational cost of the training and inference tasks with the size of the train-
ing set. However, in many cases the full GP can be mapped onto an exact model for predicting both
the mean and uncertainty with a cost that is independent of the training set size. Application of
these recent methods have been demonstrated to simulations of complex heterogeneous systems

at record speed and size, reaching soo billion atoms ***'*. In the context of coarse graining, active
learning frameworks have seen less activity, and the existing literature on these methods is limited to
non-bottom-up approaches”?.

In this chapter, we present an active learning regression framework based on principled Bayesian
uncertainty inherent to sparse Gaussian processes (SGP’s) for autonomous development of coarse
grained force field models. First, we demonstrate the ability of Gaussian process regression to learn
the coarse grained PMF on-the-fly, thereby reducing the guess work typically needed to construct
the training set. In practice, this allows the model to discover unknown configurations that may ap-
pear at long timescales by bypassing the more predictable motions of faster degrees of freedom. We

emphasize that this differs from current approaches that rely on all-atom simulations to sufficiently

explore the full configuration space on their own before removing any degrees of freedom. Second,
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we show that uncertainty-aware active learning enables the development of more transferable coarse
grained models. In particular, we demonstrate how uncertainty, along with the locality, allows mod-
els of one molecular system to be transferred to a new system by updating the training database. In
addition, we explore the implications of the design choice of how to label the species of CG beads
on model accuracy and transferability, which has an important impact on the final speed of the
model. Third, we find that uncertainty allows for a rapid and direct assessment of model robustness
and limitations where traditional metrics such as force errors are insufficient, thereby accelerating

deployment and facilitating automatic refinement.

3.1  GAUSSIAN PROCESS REGRESSION

We shall first present, briefly, the mathematics of GPs. Suppose we have a model, £; that depends on
some input, x. The function depends on some set of parameters, w. We suppose that the functional

relationship between fand w is predetermined, for example it could be that

Ay w) = wlx (3.1)

We observe, say experimentally, that the input x generates an output, y, and we wish to model this
relationship with the function, f{x; w). We begin by assuming that, given a specific set of parame-
ters, our function prediction differs from the target value by a value € which is Gaussian distributed

according to NV(0, 7). This may be written as

y=flx;w)+¢€ (3.2)

The epsilon parameter is called the noise, and it represents the fact that a) our data might be inher-

ently noisy, and b) a given set of parameters to our function f'may, for many reasons, not predict y
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exactly. This could be due to insufficiently expressive basis sets, over fitting to other data, etc. This
choice supposes that the functional form we have defined is somewhat likely to give the correct re-
sult given the right hyperparameters, i.e. the functional form is indeed capable of modeling what we
are asking it to. If we choose the noise to be infinity, we are saying that we have absolutely no belief
that our choice of functional form will predict y correctly or not. If we choose a very small value
for the noise, or a different distribution altogether, we may be saying we expect our model choice
should very closely match our observations.

In all of the following, ¢ therefore becomes a hyperparameter that we must decide how to set.
If we pick too small of a value, then given a functional form £, we will tend to predict target values
that might over fit to a data point. If we choose too large of a value, our model may not realistically
reflect the process we want to model.

Note, however, that this implies a probability distribution. In particular,

p0Olw, %) ~ N (y = fl;w), 0) (3.3)

represents the probability that our chosen function with parameters, w, given some input x, predicts
the target value y. Said another way, this is the probability that the observed data is described by a
model, fwith parameters w. For a single data point, the parameters that give f centered around the
value y are most likely. However, for a set of independent observations, {y;}, the probability thata

given set of parameters describes that particular set of observations is

N
P({)’z}|w7 {wi}) ~ HNO’Z _ﬂxz‘§ w),) (3.4)

The primary quantity of interest, however, is not the above likelihood but rather, the posterior dis-

tribution. Specifically, we want to know what the probability is that a given set of data results in a
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model with parameters, w. This is given by using Bayes’ rule:
P(A|B)P(B) = P(B|4)P(4) (3.5)

resulting in

p(l{yi} {x}) ~ plwl) HJ\/ (i = flxi; w), 0) (3.6)

In this expression, p(w) represents our belief on what the function should look like, prior to having
seen any data. At this stage we can bake a lot of physical intuition into our models. We may let the

distribution be

p(wl{xi}) ~ N(0,Z({x}) (3.7)

where X is the covariance matrix between given inputs. We might expect, for example, that two
similar inputs should give similar outputs, i.e. the function is not rapidly varying. The zero mean
assumptions supposes we do not have any inclination what the predicted value should be before see-
ing data. However, there is no reason why we could not, for example, choose the mean prediction to
be of the traditional molecular mechanics form.

In an application setting, we don’t want to stop at knowing this distribution. What we would
really like is to be able to predict the distribution of model values, y*, given some new input, x*. In
order to do this, we could stop and maximize the likelihood function in equation 3.1. However,
likelihood optimization can be severely prone to overfitting. Instead, we want to take a Bayesian

approach and predict the posterior distribution:

PO id) = /dwp(y*\x*,w)p(wl{wh {x}) (3.8)

By doing so, we have access to not only predictions of the forces and energies of the CG units, but
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additional access to principled uncertainty, which makes this approach appealing.

3.2 SPARSE GAUSSIAN PROCESSES

Computation of the above expressions are computationally demanding and involve the inversion of
N x N matrices, where N is the number of training data points. The inversion scales as N3, and this
is obviously problematic for large data sets.

It is more appropriate in this analysis to take a functional view of the original Gaussian process.
If we have predicted a function value, f;, for each input, x;, and we wish to predict a function value,
f*, ata different input x*, we know the function outputs are jointly distributed, per the definition
of a Gaussian process. As such, we can specify a prior distribution on the expected form of these

function values

. | ZE X)) Z(F ) ) (3:9)

PELIZ ) ~ N(o,
(", %) Z(xt,x%)

We can still specify the probability that a specific function value, £; produces an observation, y as

before
POl ~ Ny —f.0) (3.10)

We may again, then, condition the Gaussian process on the joint probability distribution of observa-

tion using Bayes’ rule, giving

Note that this is a distribution of how likely it is that our data is explained by a function who’s
values arefat ¥. We can compute the probability that the output should be /* for an input x™ by

-

marginalizing over all possible function outputs, £, that could be produced by our data (the ana-
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logue of integrating over possible function parameters)
- v I 1 . 2
AP0 = [ o r = s [ o0 r ) (12)

Again, the scaling here is unfavorable. An approach to circumvent this is to intrudce pseudo-inputs,
or inducing points.

The argument for how to reduce the complexity of this problem was introduced in Ref.”#, which
we review here. In addition to the training inputs and test inputs, suppose we additionally have
a set of pseudo-input locations, X,. These pseudo-inputs have corresponding function Values,ﬁ,.
The joint prior previously written for the training and test values can be written in terms of the

marginalization of the pseudo-inputs that are jointly distributed with all others, namely

2G1) = [ oFr Fodt= [ pFr opds 613

The inducing outputs are normally distributed with zero mean. The covariance function specified
in the prior before remains the same for the inducing points here. The key to sparse Gaussian pro-
cesses is assuming that, rather than being fully jointly distributed, the training and test outputs are

only jointly distributed conditioned on the inducing points

2G:7) = [ aiatr opGrdy (19

The central choice in this framework is the choice of the distribution ¢, which leads to many dif-
ferent approximations with different pros and cons. However, the acceleration afforded by these

approximations is profound and of great use.
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3.3 DEScrIPTORS OF LocAaL ENVIRONMENTS

We assume that the PMF can be modeled with a purely local function. In particular, given a set of
coarse grained coordinates R = {Ry, Ry, ..., Ry} with chemical-type identities {s1, 52, . .., sn},

the PMF is given by a sum of local free energy contributions from the CG sites in the form

N
W(R17R27 v 7RN7 515525 - - - 75N) = Z w(.fl'7ﬁl.) (315)

z

where p, is some description of the local environment of CG site 7. In particular, the environment
is the set of distance vectors between neighboring sites, expressed as a local spatial density, such that

)

J # %, within a cutoff radius of R((:ﬁf'/ that can, in general, be species dependent. Formally,

o) =D IRy ®15) (3.16)

JEE:

where

51557

& = {(levsj” |Rij| < Rei (3.17)

Following the Atomic Cluster Expansion approach introduced by Drautz*?, the local environ-

ment of a site can be projected onto single-particle basis functions

Cisnlm — <¢n€mJﬁi> = Z 3:l',vfj'¢n£m(le) (318)

JEE&

where we choose for @ a decomposition into radial and spherical harmonic components with cutoft

function, ¢,

,om Rip) = Ry (|R;) Y7 (Ry)E(| Ry, RE) (3.19)

A rotationally invariant descriptor can be constructed by invoking the sum rule of spherical har-
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monics, giving a descriptor

14

dz'xlsznlnzﬁ = E CisimtmCisynrbm (3'20)
m=—~

This is shown schematically in Fig. 3.1.

Figure 3.1: Schematic of the ACE descriptor. The local environment of CG site 7 is denotedﬁl., and pairwise vectors to
neighboring sites are given by ?;j The cutoff, shown as a red dotted line, has a radius of 7,,,.

3.3.1 SPARSE GAUSSIAN PROCESSES FOR COARSE GRAINING

We round out our discussion of SGP’s by discussing their more specific application to CG prob-
lems. For a complete description of the system input, we must define our basis functions and hyper-
parameters. In this work we use Chebyshev polynomials for the radial basis and spherical harmonics
for the angular basis in the descriptor above. The parameters 7, £, and 7.y are hyperparameters that
we manually specify. To do so, we maximize the marginal log-likelihood (see Appendix A), and use

the values 7 = 12, ¢ = 5, and 7y, = 4.5 A, independent of chemical type.
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To complete the description of the sparse Gaussian process, we must define a kernel that com-
pares the local environment descriptors. As in Ref.?, we choose a kernel that resembles the smooth

overlap of atomic potentials (SOAP) kernel 7-***% and takes the form

dy - dy d

i (3.21)

k(d;,d) = &

Here, the hyperparameter, , is optimized by maximizing the marginal log-likelihood during on-the-
fly training, and £is a chosen parameter that can be used to increase the body-order of the model.
Here, we take £ = 2.

For a set of sparse coarse grained environments, S, that is a subset of a larger training set, F, a pre-

diction of the local free energy on a new environment P, can be cast as a sum over the sparse points:

N,
elp;) = Zk(di,d:)ﬂ: (3.22)

€S

where

o = (5, KspKrs + Kss) ' Ksry (3.23)

where y is the vector of training force labels, K the matrix of kernel values between the sparse set
and training set, and Kiss the matrix of kernel values between points in the sparse set alone. The
noise hyperparemter, 7, quantifies the inherent uncertainty present in the training labels and is
another hyperparameter that is tuned via maximizing the marginal log-likelihood.

Such mean predictions with the sparse Gaussian process also allow for posterior predictive dis-
tribution variances. For SGP’s, computing the variance requires approximate methods, where we
choose in this work to use the Deterministic Training Conditional (DTC) approximation”*. As in
Ref.?, we use a further simplified form that is the predictive variance of a fictitious Gaussian process

trained on local free energies of the sparse environments alone. The resulting uncertainty on local
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free energies is
1
kaa - keS]CSS /eSs
)

V(e) = (3.24)

Lying between o and 1, this form gives us a unitless measure in defining uncertainty thresholds dur-
ing on-the-fly training. We find a relative tolerance of 0.02 to perform well. This is found to be sta-
ble from our empirical observations and is consistent with similar values used in Ref.*

The resulting models, following the on-the-fly training trajectory, can be simplified such that the
summation over sparse points in the predictive distribution can be computed once and used for all
future predictions®. This simplification allows for efficient inference upon deployment of the SGPs

and is expanded upon in Appendix A.

3.4 UNCERTAINTY AND ACTIVE LEARNING

Bottom-up training of coarse grained models is typically done by regressing the PMF derivatives to
time averages of forces, the precise form of which is given by equations (2.5) and (2.6). A common
approach is to utilize instantaneous forces in a long unconstrained molecular dynamics trajectory
to minimize appropriate functionals that reproduce the PMF 355, This approach requires care
in dealing with two implicit timescales in the problem. For one, the simulation times of the fast
degrees of freedom must be long enough to ensure that the sampled all-atom configurations are
not highly correlated. Also, collecting sufficient training data requires simulating long enough time
scales in order to visit a full range of coarse grained configurations. Even so, depending on the shape
of the PMF, some regions in CG configuration space separated by barriers may not be visited during
the training simulation. Principled quantitative uncertainty provides a rigorous way of identifying
configurations that lie within and outside the training set.

Here, we introduce an on-the-fly CG workflow implemented in the FLARE framework "%, de-

picted in Fig. 3.2, that utilizes the predictive Bayesian uncertainty of SGPs. The goal of this FLARE-
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Figure 3.2: A Schematic Representation of the Active Learning Workflow. FLARE-CG is an extension of the Fast Learn-
ing of Atomic Rare Events software >3, Here we schematically demonstrate the workflow of the on-the-fly active
learning training loop. An initial all-atom frame is run under constrained dynamics and coarse grained to obtain initial
force labels. A select number of sparse environments are randomly added to the training set of the Gaussian process.
The construction of model descriptors is performed, and the hyperparameters of the SGP updated by maximizing the
log marginal likelihood. The model proposes a molecular dynamics step, along with force and local free energy un-
certainties. If all local free energy uncertainties are below a tolerance threshold, the step is accepted. Otherwise, re-
construction is performed in order to collect more constrained dynamics training data. To perform reconstruction, we
construct excluded volumes around already placed atomic centers in the system. New atom placements are proposed by
randomly drawing an azimuthal and polar angle pair, which are subsequently accepted if they do not lie within regions of
overlap between existing excluded volumes.
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CG approach is to automate the collection of the PMF labels by deriving a decision threshold of
data acquisition from the uncertainty associated with every prediction during a CG MD simula-
tion. This is implemented by directly comparing each local CG environment for which predictions
are made with those in the training set using a pre-defined kernel function operating on geometric
descriptors of local configuration environments. Specifically, we consider the local environment

of CG sites within a defined cutoff radius from the central site. Many-body symmetry preserving
descriptors based on the atomic cluster expansion (ACE) are constructed for this purpose, with dif-
ferent hyperparameters allowing for different levels of expressiveness***.

The workflow begins from an initial coarse grained structural configuration, for which a con-
strained dynamics trajectory is performed to acquire force labels for training. Note that the acquired
forces are the gradients of, and therefore directly related to, the PMF that we are trying to learn (see
Methods A). Subsequently, for each configuration, the predicted models local PMF uncertainties
are used to decide whether to evolve the system forward in time. If the uncertainty of the model on
the new configuration is above a user-defined threshold, more constrained dynamics data is collected
to augment the Gaussian process model database; otherwise, the CG MD step is accepted, and the
system evolves forward by a time step. This process is repeated at every step of the CG MD trajec-
tory, forming an autonomous active learning loop. Eventually, after the model no longer makes
frequent calls to the all-atom baseline, the trained SGP model’s explicit dependence on the train-
ing set size can be eliminated by mapping it onto an exactly equivalent and much faster parametric
model >.

During the active learning process, the model hyperparameters are adaptively optimized by max-
imizing the log-likelihood in response to new training data. By maintaining well calibrated uncer-
tainties, models are then capable of discovering new configurations on their own, circumventing a
major problem of potentially missing unknown structures in a model’s training set. Further, this

methodology allows us to rely on the all-atom models only to remove fast degrees of freedom and
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Figure 3.3: Demonstration of Active Learning to Coarse Grained Pentane. a) atoms in a pentane liquid are mapped di-
rectly to their carbon sites, integrating out hydrogen degrees of freedom. In two experiments, the beads are treated

as either one or two different species, based on the underlying bond topology. b) the end-to-end chain distance dis-
tribution of single and two species models are compared to the all-atom training baseline, as well as a common coarse
grained force field for hydrocarbon liquids, OPLS-UA. c) the learning rate for two and single species models is reported
by showing the mean absolute force error on a test set as a relative percentage to the mean absolute force component
in each test frame. We also report the mean free energy uncertainty of the model on the test set, which is a unitless
quantity. d) the full carbon-carbon radial distribution function for single species, two species, all atom, and OPLS-UA
simulations. The inset shows a zoomed-in view of the long-range structure.

obtain CG force training labels, so that the slow degrees of freedom are evolved directly using the
learned low-resolution CG surrogate model. We illustrate the performance of SGPs trained on-the-
fly for a pentane liquid structure consisting of 70 molecules, with the hydrogen degrees of freedom
integrated out (Fig. 3.3).

The all-atom to CG mapping sequence is shown schematically in Fig. 3.3a. Our approach re-
quires a prior definition of CG sites. Although recent works have considered automating the CG
site selection process 5%7>7%757671 'more work is needed to integrate these approaches with our pro-

posed framework. We instead rely on chemical intuition to choose the CG mapping, where for the
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pentane system we choose to map the all-atom system to carbon sites. In this example, the hydrogen
atoms are integrated out, effectively setting to zero their weight in the mapping function, defined in
equation (2.1) of Methods.

Existing empirical and ML CG models often label coarse grained species by their underlying
all-atom composition and bond topology, suggesting the end carbon atoms of pentane should be
treated differently than those on the interior of the chain®5*4. In particular, CG carbons can be
treated as different species types in the descriptor equation (3.20) depending on whether they are at
the end of the molecular chain. Alternatively, all carbons can be treated as the same species type, and
we can rely on the ML model to correctly learn CG forces from the geometry of the local environ-
ment structure.

We investigate the impact of this choice by exploring the performance of models of pentane with
and without explicit labeling of end carbons as a different species in the descriptor. Hydrocarbon
systems such as pentane liquid are a convenient test case, as many top-down empirical models are
parameterized for them. In the following, we compare the accuracy of our ML CG models, whose
all atom baseline is the OPLS force field, to an empirical CG force field with the same CG site map-
ping, OPLS-UA *>3". Both the OPLS parameter set and its united atom variant were designed to
capture the densities and heats of vaporization of organic liquids. While of the same molecular
form, the OPLS-UA force field is further refined such that groups consisting of hydrogen atoms
bound to a carbon atom are treated as a single interaction site.

For the ML CG approach, we find in Fig. 3.3¢ that the single-species and the two-species models
provide similar force accuracy as well as the reproduction of structural properties compared to the
all-atom baseline. Such comparisons are valuable because the less complex single-species models
have shorter inference times. This arises from the scaling of the dimensions of ACE descriptors and
kernel matrices with increasing number of species, associated with more computationally heavy

linear algebra computations at inference. We are not claiming, however, that this finding for pentane
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is a general result expected to hold for other molecular systems.

Similarly, comparing to each other the learning of on-the-fly models for both single- and two-
species realizations in Fig. 3.3¢, we find both types of models achieve comparable force accuracy.
We note that the predictive uncertainties of each model differ between single- and two- species as
a result of having inherently different model complexity. In practice this means that single-species
models will tend to make fewer calls to the reference method (constrained all-atom dynamics). In
this example, we use a predictive uncertainty value threshold, defined in equation (3.24) of Meth-
ods, of 0.02 for the two species case and o.o1 for the single species case to further highlight this con-
trast in behavior with respect to uncertainty. The final mean absolute force error, as a percentage of
the mean absolute force component of the model predictions, on a test set lies around 9% for both
single and two species models. For comparison, we also compute the error in forces predicted by the
OPLS-UA force field on the same test set and find an error of 30%.

To emphasize that uncertainties are indeed predictive, in Fig. 3.3¢ we show the (unitless) mean
local PMF uncertainty given by equation (3.24) of Methods in each test set frame. A frame refers
to a structure snapshot together with atomic force information. As a function of training set size,
the uncertainty correlates directly with the trends followed by the mean absolute force errors on the
test set. Even though the quantitative values of uncertainty and force test-set error do not agree, the
crucial point is that the same trend behavior persists.

Fig. 3.3b and Fig 3.3d demonstrate that the inter- and intra-molecular properties, respectively,
of the CG carbon sites match the behavior of the all-atom carbon atoms with high fidelity. The full
carbon-carbon radial distribution functions are well reproduced, as are the end-to-end molecule
chain distance. This distance is defined as the linear separation between the two carbons on the ends
of each molecule.

In addition to pair distributions, more complex structural correlations have been suggested for as-

sessing the fidelity of coarse grained models 7777579898 For example, it is possible for CG models to
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reproduce a set of distribution functions such as those shown, but the relative sampling between a
set of states may still be inconsistent”®. To further establish the strength of our method, we analyze
the possible correlated states for pentane.

Asin Fig. 3.4, pentane bond and angle distributions are unimodal, and therefore do not mean-
ingfully contribute to understanding correlations between structural states. Instead, we consider the
trans (T) and gauche (G) dihedral angle regimes, akin to Ref.”®. With two dihedral angles, we label
the structural state pairings of pentane as T'T, GG, and TG. We show in Fig. 3.4 that both the single
and two species CG models capture the relative sampling of these sates quite well compared to the
all-atom baseline.

For completeness, we compare the accuracy of structural property predictions of our coarse
grained models to an existing empirical (non-ML) model, OPLS-UA?", in both Fig. 3.3 and Fig. 3.4.
We find far greater fidelity in the reproduction of structural properties with our SGPs compared to
this empirical model, as well as the relative sampling of dihedral angle pairs. In particular, we em-
phasize that the OPLS-UA model describes two, three, and four body interactions that are typical in
classical force fields. Despite this, the simple functional form of such models is insufficient for cap-

turing structural correlations. This further motivates the use of ML approaches to PMF modeling.

3.5 STRUCTURAL TRANSFERABILITY

Bottom-up CG models are typically developed to preserve the partition function of the Boltzmann
distribution maintained by thermostats in the all-atom MD simulation, thereby ensuring consis-
tency with the AA thermodynamics. However, this implicitly assumes that the model will be spe-
cific to both the chemical make up of the all-atom system as well as the thermodynamic state points.
Particularly in this setting, where models are specific to a given system, predictive model uncertainty

is helpful in quantifying the distance of local CG configurations in the test set from those in the

37



a) b)

m— All Atom

Single Species
=== TWO Species
0.04 o === OPLS-UA

0.05 A

0.03 1

Frequency (%)

0.02 A

0.01 A

0.00 - T T T T
1.3 1.4 1.5 1.6 1.7 100 110 120
Bond Length (A) Bond Angle (Degree)
c) d)
0.12 Trans (T)I Gauche (G) |
: 0.7 A
0.10 A 1
1 0.6
0.08 :
~ 0.08 1 1 J
x | 0.5
g I
2 0.06 + 1 0.4 A
v |
> I
9] 0.3 1
£ 0.04 :
1 0.2 A
0.02 :
1 0.1 A
0.00 A
T T T 0.0 -
-200 -100 0 100 TT TG GG
Dihedral Angle (Degree) Conformational State

Figure 3.4: Structural Correlations Captured via Active Learning. a) the distribution of bond lengths in pentane mole-
clues for single species, two species, and OPLS-UA models relative to the all-atom baseline. b) bond angle distributions
of the same set of models. c) dihedral angle distributions of the same set of models. Vertical lines indicate the sepa-
ration between trans and gauche dihedral conformations. d) the relative sampling of the three dihedral pair states for
pentane, trans-trans (TT), trans-gauche (TG) and gauche-gauche (GG).
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Figure 3.5: Transferable Coarse Graining Enabled by Active Learning. a) a schematic representation of the computational
experiment considered. Adapted (50 and 100) pentane models are those that have seen extra octane data, generated

on the fly for 50,000 and 100,000 steps, respectively. Unadapted models are pentane models deployed directly on
octane with no additional training. b) the carbon-carbon radial distribution function and the end-to-end chain distance
frequency are shown for single species models. The inset shows the long-range structure of the liquid c) the carbon-
carbon radial distribution function and the end-to-end chain distance frequency are shown for two species models, with
the inset showing the long-range structure.

training set. This enables us to systematically adjust and improve CG models.

To examine the degree to which SGP CG models trained on one system can transferred to an-
other system, we consider several ways in which a model trained on the pentane liquid can be ap-
plied and adapted to an octane liquid, as summarized graphically on Fig. 3.5a. Direct CG models
of octane are trained on all-atom octane data on-the-fly using active learning. Unadapted CG mod-
els are trained on-the-fly on the pentane system for 100,000 time steps and then deployed directly
on octane. Here, the SGP evolves the system in CG space over time for 100,000 steps, checking the

uncertainty against the user defined threshold at each step, before being deployed on octane. Note
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that 100,000 does not refer to the number of AA constrained dynamics steps used when collecting
more data. The models labeled as adapted (50) and adapted (100) have identical pentane training
data, but their training sets are subsequently augmented on-the-fly for sok and 100k time steps with
octane training data, respectively, via the same procedure defined for the pentane on-the-fly loop.
We also compare the performance of trained CG pentane models to the underlying AA results for
octane. The goal of this experiment is to determine whether or not uncertainty can enable models
previously trained on other systems to be extended to a new system more efficiently than starting
over and without loss of accuracy. The results of each model type shown in Fig. 3.5 and Table 3.1 is
the average of 40 independently trained models.

We find in Fig. 3.5¢ for the two species models that the inter- and intra-molecular structure of
the carbon atoms is reproduced substantially better with the adapted models than their unadapted
counterparts. This is further reflected in the end-to-end chain distance RMSE values given in Ta-
ble 3.1. Note, however, that the unadapted single-species models shown in Fig. 3.5b give higher
fidelity radial distribution functions compared to the unadapted two species models while using far
less training data on pentane (see Table 3.1). This result can be attributed to the higher dimension-
ality of the two-species descriptors, which makes the two-species model more sensitive to changes in
local environments. In the single-species case, for example, local environments near the end of the
hydrocarbon chains, look highly similar to those of octane. For the two-species case, this is not true
as the local environments, within the 4.5 A cutoff, of octane carbon sites will almost never contain
both ends of the chain, which is likely to happen in pentane. As a result, to a single species kernel,
octane looks more similar to pentane and it is able to extrapolate with a limited amount of data.

To emphasize the utility of active learning, in particular in the context of designing transferable
models, we note the stark contrast in accuracy between adapted models trained with and without
using uncertainty. In Fig. 3.6, we examine difficulties that arise in modeling the end-to-end chain

lengths of single and two species approaches. Here, the non-active learning based models are trained
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Figure 3.6: Comparison of Transferability With and Without Active Learning. We show the end-to-end chain length
distribution for single and two species CG models trained with and without active learning. a) compared to the all-atom
baseline, single species models are shown. Each CG curve is an average over the results of 40 models. The non-active
learned models has seen one additional frame of octane data, while the active learning models see on average 1.7
frames of data. b) the same data is shown but for two species models. In this case, the non-active learned models each
see 15 frames of octane data, while the active learning models see on average 15.2 additional frames.

Pentane Octane Force
GP Model Frames Frames MAE/MAC (%) Population Error (%)
Unadapted Pentane 11.45 o 15.29 34.98
Adapted (50) Pentane 11.45 1.77 10.10 $3.71
Single Species
Adapted (100) Pentane 11.45 2.02 10.10 52.09
Direct o 12.1 10.18 49.72
Unadapted Pentane 42.42 o 78.18 597.05
Adapted (50) Pentane 42.42 15.26 10.14 9.84
‘Two Species
Adapted (100) Pentane 42.42 17.52 10.04 5.85
Direct o 54.73 10.20 13.86

Table 3.1: Accuracy and Efficiency of Transferable Coarse Grained Models. The average number of all-atom LAMMPS
calls over a set of 40 models, as well as the average total number of training frames in the GP, is reported for both
single- and two-species models. In addition, we report the mean absolute force error on a test set, averaged over 10
models, as a percentage of the mean absolute force component (MAC) in each test frame, as well as the population error
of the averaged chain distance distribution from the all-atom ground truth, defined in equation 3.25
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from randomly selected octane data, with a single frame being used for the single species models
and 15 frames for the two species, in line with the amount of data collected by on-the-fly models
reported in Table 3.1. Each curve is the average over an ensemble of 40 models.

A relatively small amount of octane data is added while training these adapted models, and it is
therefore crucial that the added data be maximally informative. In this regard, two-species models
are more susceptible to poor performance when the available data is not representative of the differ-
ences between the original (pentane) system and the new (octane) system. Being a less descriptive
model, the single species examples do not suffer from this to the same degree. It is quite evident that
uncertainty based active learning enables accurate transferability of coarse grained models where
non-active learning could not. For completeness, we examine the learned distributions of active and
non-active learning based models in the Supplementary Discussion, along with a detailed discussion
on the structural correlations for this system.

To highlight the benefits of using an adapted model on systems outside of the training set as op-
posed to starting from scratch, we compare the computational cost of AA constrained dynamics
reference computations as well as the resulting force errors and structural properties of adapted
models compared to training an octane model from scratch (Table 3.1). Assuming the pentane
data is already available, we find that by using an SGP containing data from a chemically similar sys-
tem, far fewer AA reference calls to the new system are needed compared to starting from scratch.
In both the single- and two-species cases, the force accuracy of adapted models with fewer active
learning calls to the octane reference AA constrained dynamics method is higher than in direct mod-
els trained on octane from scratch which also requests more data in active learning. Additionally,
over the course of the 50,000 and 100,000 on-the-fly training steps, we report in Table 3.1 the av-
erage number of frames in which the models request more octane data. We see explicitly that in all
cases, models starting from pentane request fewer frames of data for the new system. This is a cru-

cial point, as the reduction in required constrained dynamics calls of adapted models significantly
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reduces the computational cost of model training. We observe that the single- and two-species mod-
els display comparable force errors despite their disagreement in the reproduction of chain distance

distributions, which we explore further in the next section.

3.6 FORCE-ENERGY CORRESPONDENCE

In this section we aim to examine the correlation between the force error and error in structural
properties determined by the PMF. Specifically, we focus our attention on the end-to-end chain
distance distribution. Physically, the multi-modal distributions that appear in pentane and octane
systems arise from the PMF minima at two values of dihedral angles along the chain. For shorter
chains, fewer pairs of dihedral angles exist that are energetically favorable, whereas longer chains
effectively become more flexible to bending.

To quantify the variation between a model and the AA system in the end-to-end chain distance

distribution, we define the population error as

g/ g
100 X 21 /P

aa | »aa -1 3-25
P /Ps (25)

where p; 5 are the populations (i.e. frequencies of sampling end-to-end chain distance values) of the
first and second PMF basins of the AA or CG system.

With this definition, we can motivate this discussion by considering the relationship between
mean force errors and population errors for the octane models discussed in the previous section.
The mean force errors of the adapted single-species models are quite similar to the two-species mod-
els, while the population error between the single- and two-species approaches differ substantially
(see Table. 3.1). The population error of the adapted (100) single- and two-species models differ by
nearly a factor of 10. This result points to a clear disconnect between force and PMF errors.

For the remainder of this section, we focus our attention on the case of pentane specifically as it
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Figure 3.7: Insufficiency in Relative Energies Captured by Uncertainty. a) the end-to-end chain distance distribution

of an ensemble of 40 pentane models, each trained with 50 frames of data b) the distribution of mean absolute force
errors and c) the population errors defined in Eqn. 3.26 for the pentane ensemble as a function of training set size.

Red lines correspond to non-monotonic trends, while black are monotonic. The insets show the mean and standard
deviation of the computed property (black), as well as the uncertainty defined in equation 3.26 averaged over models in
the ensemble and over molecules within the transition region (magenta). The uncertainty does not share an axis with the
force or population errors, but is simply a unitless quantity as described in the Methods d) the effect of adding different
types of data is shown. The carbon sites of a transition state molecule (blue) and unphysically stretched molecule (red)
are added as new data to a model having 50 frames of data. The resulting change in molecular uncertainty from the
baseline model is shown as a function of chain distance.
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has a much more bimodal distribution in chain distances compared to octane, corresponding to a
more challenging energy landscape in which to study population ratio errors. Even longer chains do
not display such bimodal distributions at all (see Supplementary Figure 4). To this end, in Fig. 3.7a
we show the end-to-end chain distance distributions for a set of 40 pentane models, each trained
with subsets of 5o training frames and 5o sparse points per frame, drawn randomly from the same
set of AA constrained dynamics data. It is clear that models vary widely in predicting end-to-end
pentane chain distance distributions, despite all models exhibiting low errors on forces. Quantita-
tively, we show in Fig. 3.7b the learning curves for the set of 40 models along with their correspond-
ing population errors defined by equation (3.25). Black and red lines correspond to monotonically
and non-monotonically decreasing quantities, respectively. Each model in the ensemble exhibits
monotonic decrease in the force error with more force training data. At the same time, many models
show non-monotonic evolution in the population error as a function of the training set size.

These trends can be understood by noting that pentane chain distance distributions are char-
acterized by the difference in PMF values between the two basins. However, in our training, only
PMEF derivatives (forces) are used, which only implicitly constrain the model’s estimate of PMF.

As aresult, in a test set with minimal representation of transition structures and high sampling of
equilibrium ones, we expect that mean force errors will decrease with added data more rapidly than
the PMF errors. Thus, improving the fidelity with which these models reproduce distributions of
structural properties requires a large amount of force data, especially in the rarely sampled transi-
tion region. We note that despite the variability across models in the ensemble, the mean population
error as a function of training set size indeed decreases, as does the mean force error. The insets of
Fig. 3.7b show the mean force error and population error of the ensemble of models, along with the
standard deviation represented with error bars.

The overlap in the distribution of force errors is far smaller than that of the population errors.

In each step of the learning process, a model’s PMF predictions are less constrained than the force

45



predictions. As a result, there are effectively more learning pathways that quantities arising from the
PME, such as population errors considered here, can take towards a converged value. Because of the
substantial overlap in distributions at different stages of training, many of these pathways are not
necessarily monotonically decreasing functions.

One possible solution to minimize this variability would be to include PMF labels in the training
set. However, free energies are difficult to compute. In the absence of such PMF labels, however, we
argue that by training with force labels alone, the local PMF uncertainties can still be meaningfully
interpreted, and that the uncertainties are able to capture useful information regarding the impact
force data will have on the model’s PMF predictions.

To connect uncertainty more directly to the performance of observable properties, we explore
the local PMF uncertainties of CG environments and their relationship to equation (3.25). First, we
define the molecular uncertainty as the average local PMF uncertainty on CG sites, 7, belonging to

molecules with an end-to-end chain distance L. Formally, this is given by

D)= S5 S a2 (3.26)

t m(L) i€my(L)

where 9¢7 is the local PMF uncertainty of CG site 7 belonging to a molecule 7 of length L, evalu-
ated on a frame in a test set z. The average is performed over all molecules whose end-to-end chain
distance lies within a range L + AL in the test set.

In addition to the mean and standard deviation of force errors and population errors shown in
Fig. 3.7b, we plot the molecular PMF uncertainty in equation (3.26) as a function of the training
set size for a single model averaged over molecules within the transition state region. The molecular
uncertainty follows the monotonic trend of the true population error averaged over the ensemble
of models, while individual models do not necessarily follow such monotonic trends in population

errors, as mentioned above. We suggest that, due to the wide variation across models, the local PMF
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uncertainty for a single model does not necessarily predict the true error of populations on a single
model, but rather correlates with the expected average error of an ensemble of models.

We also find that force training labels alone constrain PMF predictions in a meaningful way.

In particular, the usefulness of the force data that is added is also reflected in the local PMF uncer-
tainties, supporting its use as a metric in on-the-fly training. To demonstrate this, we examine the
molecular uncertainty defined by equation (3.26) as a function of chain distance for two different
scenarios. Starting from a baseline model trained with so frames of pentane force data, we com-
pute o(L) on an independent test set. Subsequently, we consider the addition of force labels in a
molecule whose chain distance lies within the transition region (~ 4.8 A, model A) compared to
the addition of sites in a stretched molecule of chain distance ~ 6.3 A, model B. The stretched con-
figuration in model B is highly energetically unfavorable, and we expect that this data would have a
less meaningful impact on the local PMF uncertainties of the model within the more well-explored
regions of phase space.

In Fig. 3.7¢, we plot differences of molecular uncertainties, (L) — o4 (L), between the baseline
model and models A and B as a function of chain distance. Indeed, the transition state model shows
a sharper decrease in uncertainty overall compared to the stretched model, directly indicating that
the local PMF uncertainties are capable of identifying how force data will constrain the correspond-

ing PMF predictions.

3.7 EFFICIENCY AND STABILITY OF CG MODELS

The benefits of coarse graining are two fold. First and foremost, the reduction of the number of
degrees of freedom tracked throughout the simulation reduces the computational cost of the sim-
ulation on a per step basis. Once the trained SGP’s are mapped, pentane and octane models are

equilibrated in LAMMPS with the learned force field for 250,000 steps and a timestep of 1 fs at
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constant temperature. The damping parameter of the Nose-Hoover thremostat is set to 100 times
the timestep. Production runs to acquire radial distribution functions are run for 400,000 steps,
sampling frames every 400 steps.

We demonstrate also the efficiency that is gained over all-atom simulations using ML CG mod-
els. While we have used classical force fields in this work as our baseline all-atom reference, this need
not be the case. Because classical force fields are generally quite fast, and not nearly as accurate as
ML models, comparing the Gaussian process models to them would not be a fair comparison. In-
stead, we demonstrate the efficiency of the single and two species CG models with respect to an all-
atom two species Gaussian process model of the same system. We show this for the pentane systems,
but the octane models follow the same trend as their densities are highly similar. In Supplementary
Figure 3.8, we can see clearly the substantial gain in computational speed with coarse graining. In
particular, the single species models which have shown to be quite accurate are faster by a factor of
30-40.

In addition, removing fast degrees of freedom allows for greater timesteps to be used to enhance
sampling efficiency. Here we show the stability of our models with respect to larger integration
timesteps. We perform the analysis for the pentane single-species liquid system, but the same con-
clusions hold for octane where the densities and interactions are highly similar.

All-atom simulations of hydrocarbons would typically use timesteps between o.5-1 fs. The results
previously presented for the coarse grained models are all obtained with a 1 fs integration step in
order to ensure fair comparison. Supplementary Figure 3.9 shows that in fact, for timestep sizes
between 2-5 fs, the sampling of the pentane models with CG models remains stable, and a larger
integration step could be used if desired. On the other hand, we find that above 2 fs timesteps for
the all atom model, simulations no longer remain stable. Further, this argument is strengthened
by considering the energy drift in NVE simulations, shown in Supplementary Figure 3.10. Here,

the 2 fs timestep all-atom simulation already begins to show appreciable energy drift, while the CG
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models do not.
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Figure 3.8: Performance comparison between CG and AA models. The number of timesteps per second is shown for
single species CG, two species CG, and two species all-atom models. These computations are all performed with a single
CPU on an Intel Icelake node. A custom compilation of LAMMPS using the flare pair style was used to run mapped GP
models.
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Figure 3.9: Radial Distribution Functions of Large-Timestep CG Models. Distributions are shown for single-species
Gaussian process models of pentane using various time steps. All models are the same as those in the main text, with
the mapped simulations using different integration steps.
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semble. All models were run for 1.2 million time steps. The all-atom model used here is the OPLS model for efficiency,
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Physics Informed Coarse Graining

THE CONCLUSIONS DRAWN IN THIS CHAPTER CLOSELY FOLLOW THE CONCLUSIONS REACHED
IN THE FOLLOWING WORKS. AS SUCH, MUCH OF THE LANGUAGE IS SHARED.

B. R. DUSCHATKO ET 4L, ARXTV PREPRINT ARXIV:2405.19386 (2024)

Molecular dynamics (MD) is a vital tool in computational materials design that allows one to
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probe the thermodynamic and kinetic properties of matter at atomistic resolution. Of central im-
portance to MD is the accuracy of the force fields used to capture interactions between atoms.
While classical empirical force fields derived from experimental observation have dominated the
field for many decades, due to the prohibitive computational burden of 26 initio methods, progress
in state-of-the-art machine learning methods has helped to increase the speed and size of simula-

22,10,11,8,9,1

tions while reaching ab initio accuracy . These developments have opened unprecedented

capabilities in the modeling of phase transitions, surface reconstruction, catalytic reactions, and
biomolecular conformational changes '»*382:2:83:84:16.85,86.87.88,89,

Existing atomistic machine learning force field (MLEFF) methods have been shown to very ef-
fective at regression of the atomistic potential energy surface (PES) of the reference quantum me-
chanical model. However, because they include all of the atomistic degrees of freedom (DOFs),
they require small integration timesteps to resolve fast atomic motion, while accurately computing
forces on all DOFs. This limitation is particularly significant for describing soft matter phenomena
characterized by a wide range of time scales, such as in dynamics of liquid crystal ordering, poly-
mer reptation, and protein conformation. Coarse graining (CG) methods have long been used to
address this issue by integrating out fast DOFs, allowing for larger timesteps and fewer force calcula-
tions. Most widely used are coarse grained force fields (CGFFs) with simple fixed functional forms
parameterized "top-down” to reproduce experimental observations*"»*+3%45-34 while "bottom-up”
CGFFs are derived from a fixed microscopic atomistic model**3?. The latter approach is appealing
since there is a rigorous way to maintain thermodynamic consistency of the statistical ensembles
of the two scales of description. In the bottom-up CG model, the effective energy function of the
coarse-grained coordinates is the potential of mean force (PMF)3*333¢, or the free energy of the
constrained CG system, which accounts for the entropy of the all-atom (AA) fine-grain configura-

tions.

Several approaches have been proposed for bottom-up coarse graining. For example, the itera-
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tive Boltzmann inversion (IBI) method is a relatively simple approach that allows models to self-
consistently target radial distribution functions (RDF) of particular systems3®37. Alternatively,
relative entropy minimization (REM)?**°° has proven to aid in the task of learning accurate struc-
tural distributions that correctly capture correlated behavior. However, both approaches sufter
from various limitations. In particular, the IBI approach is limited in its ability to reproduce accu-
rate structural correlations outside of the RDF it is trained on, while the REM approach requires
comparatively expensive training due to the need of multiple molecular dynamics (MD) simula-
tions to self-consistently converge the potential. It is also possible, however, to learn the PMF by
regressing its gradients to match Boltzmann averages of forces on the CG sites**?'. Compared to
IBI methods, these force-matching approaches are capable of capturing a wider array of structural
and thermodynamic properties while being significantly faster to train than REM methods.

Despite their appeal, bottom-up CG approaches often require complex functional forms to
capture many body interactions. As such, machine learning (ML) approaches have emerged as a
promising resolution to this issue’$®5%:59:91:9° These ML CGFFs have been shown to be capable
of accurate modeling of protein hydration free energies °%, joint learning of interactions and inverse
CG to AA mappings*?, as well as on-the-fly learning and transferability across structural spaces””.
Moreover, ML approaches present a more promising means of accurately capturing higher-order
structural correlations that had previously been limited by the simple functional forms of interac-
tions?°.

In the context of the current state-of-the-art in ML CGFF methods, and motivated by the recog-
nized limitations in the field °*, we propose a method that opens new research avenues for exploring
some of the outstanding problems in coarse graining.

The first challenge is thermodynamic representability, or correct description by the CG model
of thermodynamic properties such as pressures, potential energies, or entropies, in accord with the

AA reference. Existing methods rely on learning thermodynamic properties independently from the
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free energy functions, such as learning separately the mean potential energy 2%, and therefore do not
enforce exact consistency between the AA and CG models. The method formulated herein offers a
rigorous, consistent way of learning the PMF and other thermodynamic properties subject to exact
constraints.

Another capability missing in existing CGFF models is multimodal learning, or the ability of the
model to efficiently utilize multiple types of available training data from AA simulations. Current
bottom-up coarse graining methods typically only use average AA forces for training, and this re-
sults in poor sample efficiency and accuracy of the free energy 2°7%. While some previous models
were designed to learn from additional thermodynamic properties such as densities *+”5, the PMF
remains fixed in the learning procedure as additional variables are incorporated and is hence not
improved. In contrast, our proposed formalism can efficiently utilize multiple types of available
training data, readily available from fine-grained AA sampling simulations, in a manner that simul-
taneously improves the accuracy of the PMF and related thermodynamic properties, due to the
consistency enforced among them.

Lastly, we note that our new methodology introduces a new direction in exploring a wide range
of response properties and the possibility of consistently simulating systems under the influence of
external fields. Notably, both AA and CG models have lacked this capability so far. Our approach
addresses this challenge by endowing differentiable models with arbitrary parameter inputs that
can be used to learn and predict CG-level response properties of any order. The unified differential
framework exhibits significantly improved learning efficiency and accuracy. Our work also extends

96:97 to the case of

recent works on Sobolev learning of generalized ground-state response properties
free energies with arbitrary parameter and temperature dependence.
In this chapter, we present the framework in general terms and subsequently focus on a repre-

sentative example to illustrate its benefit. Specifically, we include the mean AA potential energies

as an additional previously unused learning target for CG free energies. We show that such energy-
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informed CG models more accurately capture free energy differences and interaction correlations
with far less data, specifically in scenarios with multiple free energy minima. We demonstrate these
principles first on a simple model system using a kernel-based approach and further with an equiv-
ariant neural network CG representation of free energy of hexane, highlighting how accurately

complex structural correlations are preserved, and confirming the utility of our formalism.

4.1 PHYsICS INFORMED FORCE-MATCHING

Let us consider a system with microscopic atomistic (AA) potential energy U(7, 4,) that depends in
a general nonlinear way on the set of # atomic coordinates » = {r;} € R, and arbitrary parame-
ters A,. The parameters 1, can be local or global and include the Bravais lattice vectors (or volume)
and any generalized forces, such as electric field, magnetic field, electrostatic or chemical potential,
etc. The conjugate properties U/ 0., are correspondingly stress (or pressure), polarization, magne-
tization, charge or particle number. This generalization can be applied to lower-dimensional coarse
grained representations that can be used to accelerate calculations of thermodynamic properties.
This coarse-graining is achieved by integrating over 7, the 7 coordinate degrees of freedom (DOFs)
of the microscopic AA system, at a particular value of inverse temperature 8 = 1/kpT to obtain the
free energy W(R, A,, ) of the coarse-grained (CG) system as a function of parameters 1, and the N
CG DOF coordinates R = {R;} € R3Y defined by the R* — R mapping R; = M/(r) for each
CG DOF 1. In macroscopic thermodynamics, all atomistic DOFs are integrated out fully, with the
free energy depending only on global parameters such as volume and temperature. In the context of
molecular coarse-graining, the set of coordinates R typically correspond to positions of CG beads,
where the map and the free energy 7 is referred to as the potential of mean force (PMF). We con-
sider the latter case in this work, but the formalism generally applies to any type of dimensionality

reduction, including the context of collective variables for enhanced sampling. We implement our

55



differentiable thermodynamics framework in the context of bottom-up coarse graining, capitalizing
on its rigorous statistical consistency between the AA and the CG models. Thermodynamic con-
sistency requires that the partition function, and therefore statistical weights, are preserved, thereby

defining the free energy 7.
Z = VRIS / & BN (21,() — R) (4.1)

The function W(R, A,, ) determines all thermodynamic and response properties of the CG sys-
tem, and it is our goal to learn it, assuming we have the knowledge of the underlying AA potential
energy function U(r, A,,). Herein we follow the common choice of a linear mapping of AA to CG
coordinates M;(r) that defines the coordinate of a CG unit in terms of a collection of AA coordi-
nates Ry = M;(r) = ) ; €1j7j» Where ¢z are the mapping coefficients between AA coordinates and
the CG unit /.

Directly using Eq. 4.1 to compute the value of 17 for every CG configuration is well known
to be intractable due to the high dimensionality of the integral. In a class of CG methods referred
to as force matching, the potential of mean force (PMF) is learned using its derivatives with re-
spect to CG coordinates Ry with a loss function consisting of the mean squared residual between
the all-atom instantaneous forces on CG sites and the CG forces that are gradients of the PMF 32,
Our approach generalizes this approach by including in the learning objective an expanded set of
derivatives the CG free energy function /7. To this end, we expand the dimensionless free energy

BW = — In Z with a Taylor series of its parameters and use its various differential coefficients in the
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learning task.

oBw) ow ,
o A{8+‘88R AR; + fg7 A

o*rw 10*(BW)
fﬂal 815A1 AN +§ 97,98 AL AB A - (4.2)

BW(R+ AR, A, + Ady, B+ AB) = BIWW(R, A4, 8) +

where we use the summation convention. The key to our approach is that derivatives of the free
energy, which are the coeflicients of this expansion, are ensemble averages of the system’s response
properties that are readily obtained from microscopic constrained dynamics or Monte-Carlo sam-
pling computations driven by the known AA energy function U(r, 1,,).

Similarly to training conventional atomistic MLFFs, one approach to fitting the free energy is to
train via force labels. The mean force is an ensemble average of atomistic forces constrained by each

CG configuration, given by

E(r) = -2 <8U> 3 [ (SR 0 - M) )

8R1 i€l

where f; are AA forces obtained from AA simulations using constrained sampling, and the ensemble
average is taken only over AA configurations 7; that map to CG coordinates R;. If s the learned

model of the true free energy 7, the commonly used force-matching loss function takes the form

Ly = Z Z ’FI 8R1R:) ’ (4.4)

where ¢ indexes the timeframe of a given training configuration, 7"is the number of CG resolution
training frames, / indexes the CG coordinate, N is the number of CG degrees if freedom. We dis-
cuss in Methods alternative formulations of the loss function that do not require constrained AA

dynamics for training label generation.
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Figure 4.1: Thermodynamically Informed Neural Network Framework for Free Energy Models. In addition to system
coordinates (purple), new inputs can be introduced into machine learning models, such as temperature (red) or other
global parameters (green), including external fields. The resulting free energy output can be differentiated with respect
to these parameters, giving access to new observables and field responses at any order.

The fully general expression of Eq. 4.2 indicates many possibilities to utilize additional properties

for training. For instance, a derivative with respect to a parameter 4, is the linear response coefficient

(4-5)

oW <aU(r, 2a)) >
RE

or, o2,

that relates to the pressure of the CG system if the 1, is the volume, or polarization if 1, is the elec-
tric field. Other training targets are made clear from the fact that derivatives of the dimensionless
free energy 817 with respect to j are the statistical cumulants of the microscopic potential energy
U, since 1V is the cumulant generating function for the potential energy as the underlying random

variable
9

aﬂﬂW(R7lﬂ)[E) = <U(r7 lﬂ)> (4'6)

82

g R duf) = (U= (U))?) = Var(U) (+7)

We can also include mixed derivatives related to temperature dependent response quantities of the
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CG system, noting that the ensemble average operation does not commute with the differentiation

operation with respect to parameters of the PMF, e.g.

o*Bw o*U ) oU oU
02,00, <m,,az,,> — 4 Cov <m,,’az;,> (+:8)

0w ) oU U
02,08 <mﬂ> —#Cov (U’ azﬂ) (4-9)

The scheme, which we call a ”thermodynamically informed neural network”, is depicted in
Fig. 4.1 and applies generally to other methods such as Gaussian process regression. This differ-
entiability enables access to an extensive range of previously inaccessible physical quantities, both for
prediction and for model training. We derive inspiration from the idea of Sobolev training *%%'°°,
which is beneficial if the training data for the derivatives is computationally cheap to obtain, which

is the case for molecular simulations. Learning can be accomplished by including various combina-

tions of available labels and target properties into the loss function

N;

Lansr = 37, 3 | Dy B (R, 20,8 — (K, 800 22)])
? t

(4.10)

,,{8

where D, are the various derivative operators acting on 81 on the left hand sides of equations
above, ICP are the operators in the ensemble averages on the right hand sides, and y /, are weights

for the various loss terms. The sums in the loss function run over the number of training frames N7
and the number of CG sites IN. Crucially, when physical quantities are obtained as derivatives of

the free energy, they exactly satisfy the correct physical symmetries and conservation laws. This is
analogous to ensuring energy conservation when forces are learned as gradients of the energy in stan-
dard AA MLFFs. Such conservation laws are not enforced exactly if physical quantities are learned

directly with separate dedicated models. An immediate implication for molecular coarse graining
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is that these differential relations provide many more possibilities to train a thermodynamically
consistent CG free energy model (Eq. 4.2) in a bottom-up fashion. The training labels for the abso-
lute value of the free energy is intractable to obtain due to the difficulty in summing over all states;
however, derivatives corresponding to response properties (e.g. Eqgs. 4.5, 4.8), are readily obtained
from microscopic sampling simulations and can help learn parameter dependent properties, such as
stress and polarization, for the finite-temperature CG system. Even more directly important is the
ability provided by Eqgs. 4.6 and 4.7 to use AA potential energy cumulants for learning the PMF.
This addresses the significant difficulty of predicting relative free energies, particularly in free en-
ergy landscapes with multiple minima. Because force-matching traditionally relies on force training
data alone (Eq. 4.3), it can be exceedingly difficult to capture relative free energies of the minima as
well as of the large-barrier transition states. In the limit that we can use for training the force labels
over a dense set of Cartesian coordinates of the CG sites, at fixed 4, the PMF is determined up to a
constant (since only gradients are used). In practice, however, there are often gaps in the training
set due to rare occurrence of some configurations. Therefore, the ability to train PMF models using
AA potential energies is very valuable. Implementation of this formalism simply requires that the
PMF models be made explicitly dependent on temperature so that appropriate derivatives can be
taken and used in the loss function. In the following, we provide two demonstrations of the value of
our formalism and using additional training labels: one utilizing the loss function in Eq. B.1 using
the Allegro model?, and another using the sparse Gaussian process (SGP) CG framework based on

FLARE®".

4.2  ENERGY-INFORMED FREE ENERGY MODELS

We first illustrate the proposed augmented free energy training by combining force-matching Eq.

4.3 with mean AA potential energy Egs. 4.6 within a Gaussian process (GP) regression context.
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The concept of a loss function in GPs is well understood and discussed in detail in literature *°*.

To employ these ideas in the sparse Gaussian process (SGP) approach, we must additionally define
covariance relationships to jointly train against and predict both forces and mean potential energies.
Specifically, we use the framework introduced in our earlier work based on the FLARE framework

91 wherein the PMF is written as a sum of local contributions as

N

W(R724718) :Zwl(vaavﬂ) (4.11)

I

The covariance between local free energy contributions, w, is given in this case by a dot product

kernel function between two descriptors
£
cov{wi(ds), w)(dy)) = klds,dj) = 2 (ds - d)) (4.12)

where £is the kernel power, o the signal hyper parameter, and the descriptors d;(R, A, 8) are func-
tions of the coordinates, parameters, and temperature. The detail of their implementation are given
in Methods. The bi-linearity of the covariance allows us to specify the kernel elements between local

free energies and total mean potential energies as

con((0). () = 35 (63" ) (413)
I

where / labels each CG site. Expressions for the covariance between mean potential energies and
forces can be similarly derived. By incorporating the new properties into the kernel of the SGP, one
gains not only the ability to train against additional targets, but also a means of predicting principled
quantitative uncertainties on predictions of these properties, which have proven to be quite useful
in previous work ?">*.

We first illustrate the utility of the SGP approach by considering a simple low-dimensional model
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previously used to examine coarse graining strategies *°. The fine-grain potential energy is given by

BV (x,y) = 510(x—4)(x—2)(x+2)(x+3)+;/0+Sin(3(x+255)(y_6))+<;)3< J )2 (4.14)

V170

The CG coordinate is taken to be the value x, with integration over y serving as the coarse graining.
Integration for computing the free energy, as well as the mean fine grained potential energy, is per-
formed numerically, and the coefficients are chosen to provide numerically stable solutions. For this
example we set f = 1.

In the following, we demonstrate that learning against average fine-grain potential energies in
addition to forces improves the PMF model accuracy, and verify that the use of more complex and
expressive temperature-dependent descriptors are not the sole reason for improved performance.
To examine the impact of including the mean potential energy in the kernel on helping to capture
relative free energy differences, we consider models in two regimes, one in a large data regime and
the other in a low data regime. The model free energy introduced in Eq. 4.14 has two energy min-
ima separated by an energy barrier. The SGP’s are trained with data collected only from these two
minima. In the low data regime, two training points are randomly sampled from each basin, while
in the large data regime we sample four (with a total of 8). We further define three types of models:
a) models that have no temperature dependence in the descriptor and hence no energy information
in the kernel matrix, b) models that have temperature dependence but no energy information in
the kernel matrix, trained only on forces, and c) have both temperature dependent descriptors and
energy-dependent kernels, trained on both force and energy labels. For the sake of brevity, we will
from here on denote models with energy-dependent kernels as “energy labeled models.”

The results, depicted in Fig. 4.2, make clear the benefit of using fine-grained energy labels for
training the PMF. We note that we are only interested in the relative energy differences between

the basins, and in this figure the zero of the free energy is taken to be at the right basin minimum.
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As such, the models are made to agree at this location. In the low-data regime, depicted in the first
panel of subplots a-c, the energy labeled models capture relative energy difference with much higher
accuracy. Moreover, we observe that energy labeled models are additionally more certain in domains
outside of the training set, as depicted by the standard deviation of the model predictions. Further,
we note the improvement of the temperature dependent model in the absence of energy labels in re-
lation to its temperature independent counterpart. The increased expressiveness of the temperature
dependent descriptors allows for a more descriptive model, thereby improving the achievable accu-
racy. Nonetheless, it is clear that the energy labels are the most significant source of improvement on
the attainable accuracy compared to the force-only models.

As a more realistic test case, we shift our attention to the coarse graining of small molecules, rele-
vant in the practical context of liquid solvents, or the design of low-dimensional PMFs for implicitly
solvated small proteins. To illustrate the approach in the context of neural network CGFFs, we ap-
ply our approach to a coarse grained representation of a single hexane molecule. Hydrocarbons have

been frequently explored in the CG methods and applications literature 75:9:545581

. In particu-
lar, capturing relative energy differences and accurate sampling of correlated interactions in these
molecules has been identified as an important outstanding challenge **7%5°. To explore the impact
of our temperature-dependent energy-informed approach on the learning of structural correlations
in real molecules, we consider a 4-site AA to CG mapping of hexane, depicted in Fig. 4.3a. We use
this case to demonstrate our approach, and specifically the loss function proposed in Eq. B.1, with
an equivariant neural network model of the free energy, based on the Allegro architecture”. We
examine the performance of two model types, those with and without training on AA potential en-
ergy labels. As metrics of model accuracy, we compare bond length, bond angle, and dihedral angle
distributions, obtained with CG and reference AA data. Specifically, the bond-length distribution

is defined as the pairwise distance between nearest-neighbor CG sites shown in Fig. 4.3a, the bond

angle distribution is between the first three and last three CG sites in the molecule, and the dihedral
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Figure 4.2: Model system of energy-informed CG learning. Shown are the mean (solid lines) and standard deviations
(shaded regions) of ensembles of 10 models in two different regimes. In column 1, models contain 4 data points, with 2
sampled from each basin. In column 2, models contain 10 data points, with 5 sampled from each basin. a) The mean and
standard deviation of models with force only data and temperature-independent descriptors. b) The mean and standard
deviation of models with force only data and temperature-dependent descriptors. c) The mean and standard deviation
of models with force and energy data, as well as temperature-dependent descriptors.
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distribution is for the single dihedral angle in the coarse grained molecule. Our models are trained
on 200,000 time frames (configurations) of AA data obtained from NVT simulations at 250K using

the OPLS force field *3.
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Figure 4.3: Comparison of Structural Distributions With and Without Potential Energies. a) A hexane molecule is
mapped to its most interior and exterior carbons for a 4 site CG model. b) the bond length distribution of energy-labeled
models (orange) and force-only models (purple) compared to the all-atom baseline (black). c) the bond angle distribution
between the two pairs of three consecutive CG sites. d) the dihedral angle distribution for the four CG sites.

As seen in Fig. 4.3b-d, the models containing energy labels are far superior. In particular, Fig. 4.3¢
and d show that the bond angle and dihedral angle distributions of the energy labeled model match
the all-atom baseline with much greater fidelity. Further, we see in Fig. 4.3d that the high-energy
states near zero degrees, which in the AA model is very sparsely sampled, are significantly oversam-
pled by the non-energy labeled CG model.

We note that the two Allegro models, both with and without energy labels, are trained in a rel-
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atively low data regime compared to other CG NN models in the literature developed for small
molecules. For example, CG NN models of alanine dipeptide have in previous works required up-
wards of a million frames of AA data to train’>’. Equivariant models like Allegro and NequIP have
been widely shown to have higher data efficiency in learning compared to other NNs %>, At the
same time, in the data limited regime, the addition of energetic information leads to even higher
data efficiency and much more accurate models.

It is well known that force-matching based CG models can miss key features in the relative val-
ues of correlated structural distributions?77%79898 T this end, we additionally examine the free
energy surface (FES) of the hexane molecule, defined as follows. We define the FES in this case to de-
scribe the relative probabilities of the 12 distinguishable unique structural states of the molecule at
CG resolution. By choosing a 4-site CG mapping in Fig. 4.3a, we partition the bond-angle and dihe-
dral angle distributions into 3 and 4 domains, respectively. This is illustrated in Fig. 4.4a. The sam-
pling of these states for a baseline OPLS AA model is depicted in Fig. 4.4a. Further supporting the
results in Fig. 4.3, we see that the FES generated by the energy-labeled CG PMF model (Fig. 4.4¢) is
significantly more accurate than the force-only model (Fig. 4.4b).

The totality of these improvements is summarized and further quantified in Table 4.1 by con-
sidering a variety of error metrics. Moreover, we demonstrate the improved learning rate of energy-
labeled models by comparing the performance of models with 100,000 and 200,000 data frames.
We note that the noisy validation force loss in Eq. B.1 of the Methods is effectively the same across
models. This further emphasizes the fact that mean force errors are not a sufficient metric of quality
of models for systems with distinct minima states, in problems where occupancy distributions are of
interest. In all other error metrics shown with respect to the FES and intra-molecular distributions,
the energy labeled models perform better. Specifically, the mean absolute error (MAE) values in all
structural distributions are lower for the energy labeled models. Further, we consider which of the

12 FES bins, depicted in Fig. 4.4, have the highest error and lowest error. In both cases, these two
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Figure 4.4: Comparison of Structural Correlations With and Without Potential Energies. a) All-atom angular distribution
of the molecule corresponding to the CG mapping is shown, with two peaks on either side of 125°. The CG molecule
can adopt three different angular conformations corresponding to whether each of its two angles is above or below
125°. The dihedral angle distribution of the all-atom model is also shown and separated into four distinct regions.

The relative sampling of the 12 unique correlated dihedral states as measured by an all-atom MD simulation is shown.
b) Relative sampling of an optimized Allegro model that is temperature dependent but has seen no energy labels. f)
Relative sampling of an optimized Allegro model that is temperature dependent and has seen both force and energy
labels. a-c share the color bar shown.

error metrics are higher when energy labels are absent. In addition, the energy-labeled models hav-
ing been trained on only 100,000 frames of data are more accurate than even the force-only models
in the 200,000 data frame regime. In summary, the results on the hexane system indicate that al-
ready just one additional training target of our proposed approach, the energy labeling using mean
AA potential energies, improves many facets of the PMF learning process with already available AA

data, with no additional computational burden, and even requires fewer training data overall.
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Metric Force Only Forces and Energies

Data 100,000 200,000 100,000 200,000

Force Loss (meV/A)* 36.916 36.869 36.969 36.867
Bond Length MAE 0.0723 0.009 0.003 0.004
Bond Angle MAE 0.0042 0.0005 0.0005 0.0003
Dihedral MAE 0.0054 0.003 0.002 0.0003
FES MAE 0.0874 0.035 0.029 0.006
FES MAE Max 0.197 0.088 0.052 0.016
FES MAE Min 0.0121 0.001 0.006 0.001

Table 4.1: The table shows a variety of different error metrics for Allegro models, trained on hexane, both with and with-
out energy labels. In both cases, results are given for low-data amounts (100,000 frames) and moderate data amounts

(200,000 frames). Considered quantities include the noisy validation force loss given by Eq. B.1, the MAE of the normal-
ized bond length distribution, as well as the bond angle and dihedral angle distributions. In addition, we give the MAE of
over the 12-basin free energy surface, including the maximum and minimum single-bin errors.
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Ongoing Opportunities in Coarse Graining

5.1 SOLUBILITY OF JoNIC L1QUIDS

Coarse graining in the context of biological applications has seem tremendous use over the years.
Having naturally long length- and time-scales, it is perhaps most obvious to apply dimensional-
ity reduction to these problems. However, coarse graining need not be limited to this domain. In

particular, one can consider coarse graining as a means to simplify sampling problems. In Widom
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insertion approaches to computing solubility, one must compute the excess chemical potential as
pp puting % p p

1 1
%, = —kTln (Z/af;'”e_fg”('wr )) (s.1)

over billions of insertions for converged results. Here, the integral is a Boltzmann ensemble average
over the configuration space of solvent atoms, measuring the Boltzmann weight of the potential
with the solute atom inserted. Moreover, the error of the method goes exponentially as the error in
energy. This has recently motivated the use of MLFF’s for solubility calculations. However, their
relative speed presents a significant bottleneck.

Instead, we consider that as a free-energy based problem, solubility can be computed at CG scales
instead. To see that this is so, note that we can write the chemical potential as

Z(N+1,7V, T))

= 4T (i

where Z is the partition function. We recall that the coarse grained PMF is defined as
W(RN,V,T) = —kTln ( / Ay cEu0") §(RN —MN(/Z))> ERT(C(V,T)) (5.3)

where Cis a constant term that can only depend on the state points, not the coordinates. Thus the

probability of a CG configuration is given by

C V, _ N
(RN = (Z/T)e AR (5-4)

where Z is the partition function of the CG system. However, note that we may also write

PR = [ are P3N~ 2 (55
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with Z the partition function of the all-atom system. Equating the two expressions gives

1,

Z z'

(5.6)

It then follows directly that, due to C containing no dependence on particle number, the following

equality holds
ZN+LV,T)  Z(N+LVT)

ZNVT) 2N VT (57)

Thus we may safely use coarse graining to compute the chemical potential of a solute at reduced
resolution. With this established, we are actively investigating, in the context of ionic liquids, the

following questions:

* Does a CG energy surface lead to more accepted insertions, thereby improving convergence

speed due to being a smoother energy landscape?

* Does a CG model reduce the time required to produce diverse sets of initial system frames in

which to perform Widom insertions?

* An atomistic ML model will accrue some error with respect to DFT; how severe is the error

subsequently accrued by a CG model in learning the ML model as a baseline?
By answering these questions, we hope to bring greater efficiency and accuracy to the problem of

solubility calculations.

5.2 MULTI-SCALE ACTIVE LEARNING

An important future direction that becomes an engineering challenge more than a physics prob-
lem, but essential none the less, is the efficient connection of CG methods to 4b initio approaches.

Specifically, the accuracy afforded by atomistic ML FF’s from DFT data is highly appealing, yet for
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long time scale problems become a more significant barrier than with classical potentials. While ac-
tive learning in both atomistic and CG contexts has shown great promise, the connection of the two
is non trivial.

To this end, it is valuable to consider an infrastructure where multiple scales can be traversed.
Some of the obstacles that make CG active learning so challenging remain the problem of recon-
struction and computational efficiency of constrained dynamics. However, leveraging modern com-
putational infrastructures will play a key role in making this possible. Specifically, constrained dy-
namics is ammenable to parallelization. Our code infrastructure has implemented this already, and
it is an important step forward. Moreover, recent advances in reconstruction techniques would ben-
efit from the vast amount of data generated during constrained dynamics. A positive feedback loop
that allows both an active learning FF and a reconstruction algorithm to improve simultaneously is a
natural extension of existing tools.

Finally, one can imagine the processes running constrained dynamics being extended to their
own atomistic active learning trajectories. Indeed, all of the tools needed for such an extension are in
place, but need an effort of engineering to bring them together. In these ways, a clear path forward is
obvious provided the right approach to engineering the problem is taken. Constructing a CG active
learning routine that utilizes active learning of atomistic processes during constrained dynamics is

sure to enable 2b initio accurate CG models at far longer time scales than previously attainable.
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Conclusion

THE CONCLUSIONS DRAWN IN THIS CHAPTER CLOSELY FOLLOW THE CONCLUSIONS REACHED
IN THE FOLLOWING WORKS. AS SUCH, MUCH OF THE LANGUAGE IS SHARED.
B. R. DuscHATKO ET 4L, NP] COMPUT. MATER. 10 (1), 9 (2024).

B. R. DUSCHATKO ET 4L, ARXTV PREPRINT ARXIV:2405.19386 (2024)
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MODERN ADVANCES IN COMPUTING POWER have inspired new waves of innovation in compu-
tational modeling. Combined with the expressiveness of machine learning architectures, materials
science is set in a uniquely exciting position. In a way that was previously perhaps unimaginable,
computation is approaching a comparable utility to experimental efforts. Better potentials allow us
to probe materials more accurately and at larger scales than was previously possible, starting from
first principles and circumventing many of the accuracy limiting approximations that existed before.

All-atom modeling techniques on their own continue to experience tremendous growth and
push the boundaries of what we are capable of studying. The back-end software of machine learn-
ing potentials is continuously being improved and expanded, and the theory underlying our ap-
proaches to the design of inter-atomic potentials are maturing steadily. Regular, DFT-accurate sim-
ulations of millions of atoms is on the horizon of computational capabilities.

Further, developments within the coarse graining community serve to enhance the scope of all-
atom methods by making even longer length and time scales attainable. In particular, the develop-
ments presented herein for coarse graining offer a significant improvement upon state of the art
techniques. First, we have explored the utility of uncertainty aware machine learning models for
coarse graining. The principled Bayesian uncertainty measure of Gaussian processes enables an on-
the-fly active learning scheme for CG models that allows for automating the creation of training
sets. A key aspect of the on-the-fly ML CG method is that it overcomes the time- and length-scale
limitations of AA models by integrating the AA system in time only over fast degrees of freedom.
In addition, by collecting training data only when necessary during MD, we eliminate the need for
specifying a priori which configurations our model will need to be trained on. Instead, as the algo-
rithm explores configurations, it automatically decides if they are new enough to be added to the
training set.

In addition, computational speed is a key metric in CG force fields. While fast classical all-atom

force fields are used as a reference in this work, this need not be the case. For example, one could
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target ML models based on ab initio data that would be far more accurate. To this end, we quanti-
fied the efficiency gained by using ML models at a coarse grained resolution as opposed to the full
all-atom alternative. We find that these are even more efficient when taking into account the largest
stable timesteps.

Further to the point of designing more efficient CG models, the analysis we have done on the
performance of single- versus two-species models is valuable. In this Gaussian process framework,
there is unfavorable scaling with the number of species. As such, a single-species representation
equates to a much faster model. Systems where this choice does not lead to significant accuracy loss
in pair-wise and correlated distributions, such as the pentane system considered, will benefit greatly
from improved model efficiency.

Moreover, the on-the-fly framework enables models to be transferred across molecular systems in
a principled way. By the locality assumption inherent in the structural descriptors, for local environ-
ments that are similar across systems forces will be predicted to be similar, at a given thermodynamic
state. Similarly, environments that differ will result in small kernel values and contribute propor-
tionally less to the prediction of forces on new environments, and the framework will request more
data.

In practice, this approach could be used to develop CG models for common polymer backbones
that could then be efficiently adapted to systems with differing functionalization. In this case, only
data around new functional groups would be required, as opposed to starting from scratch. This
would allow for more rapid development of coarse grained models in materials screening settings.
We emphasize that there is a tradeoft in single- and two-species representations for transferable mod-
els. In the octane example considered in this work, there is an ease of direct transferability of single-
species models without adaption. On the other hand, the achievable accuracy upon the addition of
more data of the more descriptive two-species model may be more desirable. In general, it is difficult

to anticipate the extent of this complex tradeoff.
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The issue of model variance is further addressed herein as arising from limited direct PMF in-
formation. By training on time-averaged forces only, obtained from unbiased MD configurations,
PMEF in transition regions is difficult to capture. What’s more, examining force errors alone can
seem to suggest that models should always improve with more data. In fact, we show that over an
ensemble of models, average force errors indeed decrease monotonically with more data, while PMF
errors do not necessarily decrease for each model. As a result, properties arising from PMF values,
such as population ratios of stable configurations, can vary significantly and converge slowly in the
training process. We find only that the average over a set of models will improve such property pre-
dictions. We demonstrate that despite the lack of direct PMF labels in the training set, providing
forces still imparts meaningful PMF information to the model that is reflected in the monotonic be-
haviour of uncertainties. This allows a better understanding of model robustness where traditional
metrics such as force errors are insufficient.

We note that the molecular local PMF uncertainty plotted in Figs. 3.7b,c does not correspond
quantitatively to the mean absolute force error or population error. While some work has been done
on understanding how to more concretely link uncertainty and performance *°?, it is not well un-
derstood how we can, for example, translate specific values of uncertainty directly to the variance of
observed structural properties over an ensemble of models. This remains an open question and de-
mands systematic investigation even for force-fields in all-atom simulations. Moreover, the particu-
lar form in which we analyze molecular uncertainty in equation (3.26) is a choice. Other functional
forms of molecular uncertainty can be conceptualized that may or may not provide deeper physical
insight. This will require careful considerations in future works.

Finally, we note that a particular challenge in making the proposed method more generally ap-
plicable is the reconstruction of all-atom configurations to enable constrained dynamics during
the active learning loop. In order to seamlessly go between the all-atom and coarse grained repre-

sentations, a scheme for recovering lost degrees of freedom must be designed. In many cases this is
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done with techniques designed for specific systems (as we have utilized in this work), or brute force
methods such as a multi-stage compression and expansion of the system box to equilibrate replaced
degrees of freedom. Recent works have begun to examine this problem from the perspective of ma-
chine learning7>757°7%7! 'but such approaches require pre-selected training sets to learning the CG
mapping that would require additional work to reconcile with our active learning scheme. Doing so
will enable a much broader study of materials at a variety of resolutions.

The second primary contribution to the field is the establishment of a rigorous theoretical frame-
work for improved learning of high-dimensional free energy models, such as the PMF in the context
of coarse graining.

A primary goal of coarse graining approaches lies in the accurate estimation of free energies as
functions of coordinates of reduced degrees of freedom. Estimation of free energy functions is a
long-standing challenge in statistical mechanics. In abstract statistical sense, our work provides a
general framework for constructing differentiable models to learn high-dimensional cumulant gen-
erating functions. In the conceptual vein of Sobolev training, we train the models on derivatives of
the target function, which are the cumulants of the underlying random variables, that we obtain by
statistical sampling. We note the distinction from the idea of physically informed neural networks
(PINNs) "4, where differential expressions involving only the output are used as additional regular-
ization terms in the loss function. Instead, we augment the model inputs with parameter inputs and
use exact differential relations to allow for additional training targets, improving the model trans-
ferability, accuracy and training efficiency. Our approach also builds on the elements of the clas-
sic CALPHAD method, where phase diagrams and equations of state are determined by learning
the macroscopic free energy as a low-dimensional polynomial function using its observable deriva-
tives '°5. Neural network models for the free energy were also proposed for learning the macroscopic
equations of state "°°.

Specifically in the context of molecular coarse graining, we provide a way to learn the free energy
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by using physically observable thermodynamic and response properties in a unified thermodynami-
cally consistent manner by identifying these statistical cumulants with derivatives of the free energy.
The advantage of this approach is the simplicity of its implementation, where existing CG models
are endowed with addition explicit inputs on parameters, specifically including the temperature and
modifying the loss function with matching observable - derivative pairs. This is the first method to
date, to our knowledge, that utilizes potential energies for training in such a way and that enables
the values (not only gradients) of the model PMF to be directly improved through the new training
information.

Further, the resulting models require no additional computational overhead, since atomistic con-
strained dynamics simulations produce trajectories that contain force training labels along with total
potential energies, from which a variety of statistical cumulants can be estimated at no additional
computational cost. This framework can be seamlessly implemented into existing learning architec-
tures, and is shown to produce more accurate PMFs with a higher learning efficiency. As demon-
strations of the improvements at fixed temperature, we have considered a low-dimensional toy
model example, as well as a realistic molecular coarse graining procedure for the hexane molecule.

We note that additional computational overhead may be incurred in neural network implemen-
tations of the Sobolev training strategy, as a result of needing multiple passes of backpropagation for
higher order derivatives. However, we expect that the statistical sampling of AA labels will dominate
the computational cost nonetheless. An issue to be resolved for unconstrained sampling is that the
loss function over noisy labels in Eq. B.1 of Methods is easy to implement only up to first derivatives
(our demonstration includes the use of forces and potential energies). If using the variance of the
potential energy (Eq. 4.7), it is necessary to estimate the mean potential energy for each CG con-
figuration, prior to formulating a noisy unconstrained estimation of the variance. Our formalism
applies straightforwardly at any order when using constrained sampling to estimate ensemble av-

erages, but efficient implementation of such estimates using noisy unconstrained labels for higher
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order derivatives should be addressed in future work.

As an extension of this multi-modal learning, we recognize that our method also offers a promis-
ing avenue for improving the state point transferability of CG models. For example, while CG mod-
els have been trained before against multi-temperature force data with an explicit temperature input
parameter 37, our proposed inclusion of cumulants of the AA potential energy data in the training
labels brings significant additional information via the PMF’s temperature dependence via its gra-
dients. As a result, this is a promising new means of simulating systems across different phases with
improved model transferability. More generally, our model formulation allows for the learning of
the PMF dependence on any thermodynamic state point directly through an expanded set of ensem-
ble observables. Demonstration of this capability is left to a future investigation.

We note some limitations of the present analysis as opportunities for future work. For example,
we should expect that, in the case of potential energy labeling at fixed temperature and volume, the
energy labels will be maximally helpful to the free energy when the all-atom constrained entropic
contribution is close to zero, i.e. when the atomistic potential energy labels are most informative.
While any additional information from the energy labels will help, the extent to which energies help
in learning the PMF should be more closely explored, particularly for large systems where the total
potential energy label may contain limited information.

Broadly, for a given mapping between the fine and coarse grained representations, we present
a unified differential framework for connecting the two scales in a rigorous consistent way and
for capturing arbitrarily complex nonlinear and coupled dependencies of coarse-grained free en-
ergy on system parameters. Our method can be readily generalized to include additional thermo-
dynamic observables as targets, such as stresses, polarization, and magnetization. This can be ac-
complished by including as inputs to the CG model and differentiating it with respect to variables
such as strain, electric field, and magnetic field, respectively, and matching in the loss function with

the corresponding AA observables. This framework enables the development of coarse grained
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temperature-dependent models in the presence of any set of generalized forces acting in a variety
of thermodynamic ensembles. Examples of such future work might include exploring temperature
and pressure-dependent phase transitions, coupled electro-mechanial response, and extensions to
other thermodynamic ensembles such as the grand canonical ensemble. Examples to be explored
include higher-order derivatives, corresponding to learning from and predicting e.g. heat capacity
and compressibility. In general, this framework will enable a better understanding of what aspects
of coarse-grained models can be improved by training with different combinations of all-atom en-
semble averages.

With such novel developments placed on firm footing, the field is situated in an exciting position.
New problems can be addressed at higher levels of accuracy than previously possible. The future
of computational materials design will benefit from the continued development of coarse graining

procedures to enable full multi-scale solutions to real world problems.
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Supplementary Materials for Chapter 3

A.1 MAPPED SPARSE GAUSSIAN PROCESSES

A great deal of work has been done in accelerating Gaussian process models. For example, the map-
ping procedure for two- and three-body GP’s has been extensively discussed in previous work>.
While these methods are perfectly amenable to CG approaches, we have focused in this work on

SGP’s. To this end, we present a short review of the methods introduced in Ref.* for accelerating
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SGP’s.
Provided we have a normalized descriptor ;il- = d;/d; and a kernel that is a normalized dot prod-

uct of the form

/e( 2 :) = ‘72(211 ~5)f (A.1)

elp,) = a Z(Q, : ~x)fﬂs (A.2)
= Z ;z'ml te ;lz'm; <02 Z mel T ;l:mf‘:) (A3)

where the index 7 represents an expansion based on the kernel power. When & = 1, the term in
brackets is a vector, for £ = 2 arank 2 tensor, and so on. Crucially, these terms in brackets are the
only ones depending on the training set sparse points and do not depend on the environment being
predicted on. It can therefore be computed once and for all and used in subsequent computations

without recalculating. This effectively removes the training size dependence.

A.2 MAPPED SPARSE GAUSSIAN PROCESS SIMULATIONS

Once the trained SGP’s are mapped, pentane and octane models are equilibrated in LAMMPS with
the learned force field for 250,000 steps and a timestep of 1 fs at constant temperature. The damp-
ing parameter of the Nose-Hoover thremostat is set to 1oo times the timestep. Production runs to
acquire radial distribution functions are run for 400,000 steps, sampling frames every 400 steps.

We demonstrate also the efficiency that is gained over all-atom simulations using ML CG mod-
els. While we have used classical force fields in this work as our baseline all-atom reference, this need
not be the case. Because classical force fields are generally quite fast, and not nearly as accurate as

ML models, comparing the Gaussian process models to them would not be a fair comparison. In-
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stead, we demonstrate the efficiency of the single and two species CG models with respect to an all-
atom two species Gaussian process model of the same system. We show this for the pentane systems,
but the octane models follow the same trend as their densities are highly similar. In Supplementary
Figure 3.8, we can see clearly the substantial gain in computational speed with coarse graining. In
particular, the single species models which have shown to be quite accurate are faster by a factor of

30-40.

A.3 ASE ON-THE-FLY PARAMETERS

The on-the-fly molecular dynamics loop is run with ASE'®7. The NPT ensemble is used for the
Nose-Hoover thermostat implementation, but with the barostat turned off and kept at constant vol-
ume. A timestep of 1 fs is used, with a damping parameter for the thermostat equal to 100 times the
timestep. On-the-fly trajectories are performed for 100,000 steps within ASE’s molecular dynamics

engine prior to being mapped and run in LAMMPS.

A.4 CONSTRAINED DYNAMICS PARAMETERS

After reconstructing the all-atom representation for them coarse grained representation (as well as
when collecting fixed training and test data for which no reconstruction is necessary), the free de-
grees of freedom are allowed to evolve at a constant 250K temperature. For the on-the-fly runs, we
use a 0.5 fs timestep during constrained dynamics and find that averaging forces over 10,000 frames
sampled 200 steps apart is sufficient for mean-force convergence (see Supplementary Figure A.1).
This trend can be verified both by looking at the standard error of the mean of a selection of force
components, as well as the marginal log likelihood of an SGP trained on a limited amount of data as
a function of mean-force sampling. Once sufficient sampling is reached, the model noise becomes

dominant over the data noise, and further constrained dynamics will not benefit the models perfor-
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mance.

A.4.1 HYPERPARAMETER SELECTION

Asin Ref.?*, we maximize the log marginal likelihood of the sparse Gaussian processes in order to
choose optimal hyperparameters. We optimize the likelihood with respect to the kernel power, &,
basis expansion parameters 7 and £, as well as the environment cutoff radius for a pentane model
(see Supplementary Figure A.2). For consistency of comparison, we use the optimized parameters
for the two species model for all single species models. The octane models use the same parameters.
While the cutoft radius is optimized by the likelihood at 4.2 A, we find better overall performance of

each given model when using a cutoff of 4.5 A.

A.4.2 STRUCTURE OF N-ALKANE CHAINS

In the main text we explore the behavior of an ensemble of SGP models in the presence of nearby
local free energy minima. Supplementary Figure A.3 motivates the study of pentane by examining

the end to end chain distance distribution of increasingly long n-alkane chains.

A.s OPLS Force FIELD PARAMETERS

In order to generate force field parameters for both pentane and octane, the LigParGen *°*°? server
is used. Interactions between different species are defined using a geometric mixing rule for the
parameters. The pentane system, consisting of 70 molecules, and the octane system consisting of
40 molecules, are placed around the edges of a box to begin. The fire minimization scheme imple-
mented in LAMMPS ' is first performed, with a time step of o.1 fs, with an energy and force toler-
ance of 1e-7 and 1e-9, respectively. Random velocities are then drawn for all atoms for a Boltzmann

velocity distribution with temperature 62.5K.
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For the pentane liquid, using a timestep of 0.05 fs, 500,000 timesteps are run in the isothermal-
isobaric ensemble from a temperature of 62.5K to 250K, and from a pressure of o to 1 atmosphere.
The damping parameters for the thermostate and barostat are set to 100 and 1,000 times the timestep,
respectively.

Another isothermal-isobaric ensemble segment is performed, this time with a timestep of 0.5 fs
for 800,000 steps at constant temperature and pressure. Finally, 200,000 steps are made with a 1
fs timestep at a constant temperature of 250K. The resulting equilibrated structure is used as the
starting point for all subsequent simulations, including constrained dynamics, initial on-the-fly
frames, and the starting point for all mapped simulations.

For the octane liquid, the first isothermal-isobaric stage is performed with a o.o1 fs timestep for
1,000,000 steps, from a temperature of 25K to 300K, and from a pressure of 1 to 151 atmospheres.
The damping parameters are the same as for pentane. In the second isothermal-isobaric stage, a
0.5 fs timestep is used over 800,000 steps, from a temperature 300K to 250K, and from 151 to 1
atmosphere of pressure. A third isothermal-isobaric stage is run with a o.5 fs timestep for 200,000
steps at constant temperature and pressure. Finally, an isothermal stage with a timestep of 1 fs is run
for 200,000 steps at constant temperature.

To compare our coarse grained models against a common baseline for n-alkane systems, we run
a simulation of the same pentane system with the parameter set of the OPLS United Atom ap-

proach?"''". In particular, the potential energy takes the form

E(N) =D Kylr—n)*+ > ks(6— )

bonds angles
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The groupings in the OPLS-UA formalism chosen here are electrically neutral and give no Coulomb
contributions. The system is broken into two species, the CH3 ground and the CH; group. The

longest values reported in """ are for the butane groups, and we apply these parameters (see Supple-

mentary Tables A.1-A.4) to the pentane system.

Atom Type 2 (CH,) 7 (4) e ()
3 3.905§ 0.175§
s, 2 3.905 0.118

Table A.1: The OPLS United Atom vander-waals parameters used to simulate pentane.

o

kcal

Bond Type Atom 1 Atom 2 Ky (33) 7o (A)

I 2 I 260.0 1.526

2, 2 2 260.0 1.526

Table A.2: The OPLS United Atom bond parameters used to simulate pentane.
Angle Type Atom 1 Atom 2 Atom 3 kg (lr‘n%i) 8y (Degrees)
1 I 2 2 63.0 112.4
2 2 2 2 63.0 I112.4

Table A.3: The OPLS United Atom bond angle parameters used to simulate pentane.
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‘ Dihedral Type ‘ Atom 1 ‘ Atom 2 ‘ Atom 3 ‘
\ ! : \ 2 \ 2 \ 2 \

Table A.4: The OPLS United Atom dihedral angle parameters used to simulate pentane.

A.6 FIGURES
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Figure A.1: Optimization of Mean Force Convergence. The marginal likelihood (a), mean absolute force error on a test
set (b) and the average standard error of the mean of PMF derivatives, i.e. forces, (c) are shown as a function of con-

strained dynamics sampling. The x-axis indicates the number of uncorrelated frames in which data was averaged over to
provide force labels to the corresponding model.
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Figure A.2: Gaussian process hyperparameter optimization. The four hyperparameters for the sparse Gaussian pro-
cesses are optimized by maximizing the log marginal likelihood. For each parameter sweep, the values are fixed at
E=2,74u = 4.5A n=5and{ = 12 for those not being varied.
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Figure A.3: Radial distribution functions of hydrocarbons. The end-to-end chain distance distributions for n-alkanes
from pentane to dodecane. At longer chain distances, the bimodal distribution begins to disappear. This is the result of

many more dihedral energy minima along the chain.
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Supplementary Materials for Chapter 4

B.1 MEeTHODS

The loss function discussed in the main text targeting constrained dynamics labels is not the only
choice of a thermodynamically consistent loss function. In place of fitting to these constrained force
labels as in Eq. 4.4, it is common in force-matching schemes to minimize a noisy loss function using

unconstrained estimates of the forces on CG units. In this case, the framework proposed in this
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work for including arbitrary thermodynamic properties can be extended to these schemes using the

relationships between free energy and other thermodynamic properties, via the the loss function

N,

Lnoz’:}/ = Z Vm Z
m t

Do B (M), 20, 8)) = Ko |80, 20) || (B.1)

where the frame index # now indexes instantaneous atomistic frames, and not constrained CG val-
ues. We emphasize the subtle but important difference in this expression compared to Eq. 4.4: The
loss function in Eq. 4.4 regresses the properties of the PMF to their thermodynamic averages, while
Eq. B.1 regresses the properties of the PMF to the noisy, instantaneous atomistic predictions of the
property. It is not immediately obvious that the two loss functions produce the same minimum. We
provide a derivation of this equivalence in the SI.

The implementation of this loss function requires the model to be explicitly dependent on tem-
perature. To accomplish this, we modify the Allegro architecture to introduce the temperature as
part of the input node features. The original Allegro model uses one-hot embedding of the atom
type as the node feature: h; = 1Hot(Z;), where Z; is the discrete type of node 7 (chemical species
in all-atom potentials). We augment h; by concatenating a temperature embedding with a Gaussian
basis: h; = 1Hot(Z;) || B(8), where || denotes concatenation, B is the Gaussian basis function, and
B = 1/kpT. A similar encoding was described in an earlier work 7, which however did not consider
the use of thermodynamic differential relationships to augment the training targets, as proposed
here. In our case, we compute the derivative 9 (RN, §) /9 through backpropagation and use the
result in a generalized loss function.

Similarly, Gaussian process models also require temperature dependence in order to leverage
additional training targets. For the Gaussian process model, we choose to define descriptors as mod-
ified variants of those introduced in our earlier work®" based on the Atomic Cluster Expansion

(ACE)**. Specifically, in order to leverage thermodynamic relationships of the PMF, we introduce
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temperature dependence into the SGP by adding temperature dependent embedding functions in
the descriptors. The non-temperature dependent SGPs are constructed in the FLARE MLFF with a

descriptor of the form

dzklxznlnzf = E CisinibmCisynabm (BZ)

m

where the ACE atomic base is given by

Cisnlm (R) = Z R, ( |le‘ ) YZL (kl])a-yv{]
Sz
while for the proposed temperature-dependent models, we introduce an expansion in a basis of

functions of temperature

conem(R,B) =D 20> Ru(|Ry) Y7 (Ry)d: 5T (B)

with new coefficients, 4, that can couple to the radial and angular basis functions. In this work, we
take the basis functions, I’, to be the Chebyshev polynomials. With this change, the descriptor in
Eq. B.2 becomes a temperature and parameter dependent descriptor such as those appearing in the

main text.
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B.2 ComruraTioNaL DETAILS

All production simulations were performed in the LAMMPS software package''°, with atomistic
models utilizing parameters from the OPLS force field ">. The parameter files were generated using
the LigParGen server "°>'°°. In order to train the Gaussian process models, a modified version of
FLARE was developed to include new descriptors and kernels. For production CG simulations,
custom LAMMPS software was developed for fast implementation of the NN and SGP models as
pair styles.

In order to generate structural distributions for model validation, we run NVT simulations of
each AA model for 2 nanoseconds, starting from 343 different initial velocities and equilibrating
for 200 picoseconds. We use a timestep of dr = 0.5 fs with a damping constant for a Langevin
thermostat of 100 * d&.

In the SGP models, we construct a set of 10 models having been trained on different random
samplings of the data described in the main text. Each model is then optimized independently by
minimizing the force mean squared error (MSE) between model predictions and the ground truth
values over the full domain of the PMF shown in Fig. 4.2. The ground truth values are computed
via numerical integration of the PMF. Further details of the optimization procedure are provided in
the SI.

In the NN models, a temperature embedding was included in the architecture for both the force-
only case and the case including atomistic potential energies. The energy dependent models were
trained by optimizing a joint loss function as in Eq. B.1 that includes a noisy force contribution as
well as a noisy potential energy contribution. The relative weighting of these terms was taken to be
a hyperparameter. The hyperparameters for each model type were chosen by minimizing the total
validation loss of the models. In particular, the energy-labeled models included an energy-loss term

in their validation metric, as in Eq. B.1. The details of parameter sweeps, as well as a sample input
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file, are expanded upon in the SL
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B.3 REGRESSION WITH THERMODYNAMIC PROPERTIES IN THE FORCE MATCHING FRAME-

WORK

The multi-scale coarse graining (CG) methodology established by Noid et. al.?* includes a proof

that the minimum of the functional

N 2
2l = s 35+ 200
I=1

r

can only be the true potential of mean force, up to an additive constant. Here, 7 is an arbitrary
model of the PMF, . Here, » € R3" are the atomistic coordinates, R € R3Y are the CG coordi-
nates. The ensemble average is over the Boltzmann distribution in the all-atom configuration space
{r}, and the sum is over all coarse grained sites. /7 € IR3 are the instantaneous forces acting on the
CG sites, which, for a center of mass mapping, is simply the sum of atomic forces. The mapping
between atomistic and CG coordinates is given by the linear mapping function M; = > c;7;.
Note that, while translational invariance of the CG model can be maintained by a more general sur-
jective equivariant mapping, the proof in Ref.?* relies on an assumption of linearity. An important

consequence of this proof is that minimizing the approximation of this functional

n N
1 2
PP = 55 23 VAl = B (i) (B.3)

=1 =1
where P8 = — %]Z[’(m, provides a means for estimating the potential of mean force. Note
that this is an approximation when the Boltzmann distribution is only partially sampled, but will
become exact as 7, — 00. For a finite 7,, this differs from the previous expression in that the first
implies a complete ensemble average, while the later represents an approximate sampling of the en-

semble. Here, the first sum is over time frames of, for example, a molecular dynamics simulation
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or another sampling technique. We propose in this work that additional terms may be added to
the loss function in Eq. B.3. In order to do so, we use a more general dependence of the PMF on
inverse temperature, 4, and other parameters such as external fields, 4,. Suppose then that a ther-
modynamic property of the system, P, is computed by an operation K, acting on the atomistic
potential energy times /3, integrated over the Boltzmann distribution. The property in question
could be, for example, the mean potential energy. In this case, the operator is simply ) = 1 /B and
P(r) = Ulr, Aa), s0

(Ulr, A)) = (IG[BU(r, A)]) = (P(7))

An ensemble average of P can equivalently be taken and related to the PMF by an operator D,
acting on the true PMF, . Such operations can include higher order mixed derivatives of the PMF

with respect to its parameters. In the example of mean potential energy, D, = 0/0p such that

(W) = 28 = Dy

Formally, we write the ensemble average of a property in terms of operators as

(P())x = (KplBUG 1)) = DylBHV(R,B. 2,) (B.4)

We claim that the following property-matching residual may be additionally minimized to constrain
the PMF further, such that our estimate of the PMF, 17/, produces the same value of the all-atom
property P:

Xl W] = <\P<r> - DpL@W<M<r>,ﬁ,za>]\2>

where the brackets indicate a weighted average over the Boltzmann distribution in the full all-atom

configuration space. In order to rigorously show this, define A = IV — j W where Wis the true
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PMEF, W is a model of the PMF:

2ol = (|PG) Dy lew (04, £. 1))

([P0) = Dyla@()) + ()] )

Here we have dropped the explicit dependence on temperature and parameters for brevity. In the
proof that follows, we assume that the operator D, is linear, because thermodynamic properties we
are concerned with are derivatives of the free energy. Expanding the terms in the ensemble average,

we have

Xoml W = <7’2(V) = 2P(") Dy [A(M())] — 2P () D, [BW(M(r))] + Dy[A(M(r))?

+ 2, [A(M()| D, [B (M) + Dy |8 (M()]*) (B.5)

The minimization is to be done over the parameters of the model, /7, and terms that do not depend
on these parameters can be treated as constants. In particular, the first, third, and sixth term can be

grouped into a constant, C. We then have the simplified expression

ol ] = € (2P()D, [AM()] — Dp[AM())] — 2D, [AM ()| D, [ (()] )
(B.6)
We may now use the fact that the surjective function A4 maps every atomistic point 7 to some CG

coordinate value R. This fact allows us to partition the integration and obtain the following two
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results. First,

(P(r)DplA(M(7))]) = /dﬂ’() W[AM(r)))e#)
/ AR / P (D, | AM() e VO 5(M () — R)
=z / dRD,[A / drP(r)e tV0) 9(M(r) — R)
— 5 [ aRDARIZBPE)

where we have defined the CG-coordinate dependent partition function:

= /dre_ﬁU(r)e?(M(r) —R)

such that the full partition function is

/dre £Ur) /dR/dre_‘gU(r /dRZ

Second, we can see the following:

(Dyl WDy [A (M /er],L@W ) Dy A (M(7)))eEV0)
/dR/erPwW [A(M(7))] *ﬁU(V)g(M(},) —R)
~Z / dARD,[BW(R)]|D,[A(R)] / dre P 3(M(r) — R)

1
— [ aRDARIZR PO
where in the last step we have used Eq. B.4. With this result, Eq. B.6 reduces to

Do) = C+ (DaMO)) (8)

r
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Because the second term is the only one that can be minimized, and because it is strictly non-negative,

it is clear that the minimum of the loss function occurs at

Dyl A(M(r)] = Dy[fW] — D[] = 0 (B.8)

whose solution is where the target property of the model PMF, 17 is equal to that of the true PMF,

w.

98



B.4 MODEL PARAMETER OPTIMIZATION - ToyY MODEL

For each model of the toy system, we compute the force MSE over the entire domain of structures.
A large grid search is performed, scanning the following values: » € [2,12],¢ € [2,6],£ € [1,2].
During this part of the optimization, the parameters # and T are both fixed to 4. After this stage, the
remaining parameters are varied: # € [1, 6] and T € [2,6).

The embedding coefficients are determined by a scan over 100,000 random samplings of the
embedding coeflicient values, after all other parameters have been determined. The continuous hy-
perparameters, 7, oy and g, were optimized periodically through the training process by maximizing

the log likelihood of the model.
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B.s MOoDEL PARAMETER OPTIMIZATION - HEXANE

In order to ensure the best model is selected for both the energy labeled and non-energy labeled
cases, we do an exhaustive sweep of hyperparemeters in Allegro. In particular, we tune: the batch
size, the learning rate, and the relative weights of forces and energies in the loss function while train-
ing on 100,000, 200,000 and 300,000 frames of unconstrained data. For each set of hyperparame-
ters, we first evaluate the best model based on the validation loss. The validation loss is computed
over 200,000 independent structures. For force-only models, the validation loss is the mean squared
residual over the noisy force labels, while for the energy-labeled cases, the validation loss additionally
includes the mean squared energy residual term.

Then, the optimal model is equilibrated and run for 2ns over 343 molecules to determine the
models sampling of bond lengths, angles, dihedral angles, and the free energy surface defined in the
main text. The best performing models based on these metrics are shown in the main text. In Ta-
ble B.1 we show the results of this parameter search in regards to the different error metrics consid-
ered during simulation. The optimal parameters for force-only and energy training differ between

each other and between different data amounts.
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Data Size 100000 100000 200000 200000 300000 300000
LR 0.001 0.001 0.001 0.001 0.001 0.001
Batch 250 500 570 500 750 500
Energy Weight o 10 o I o 25
Force Weight 10 I 100 I 100 10
Force Loss 36.9164 36.9688 36.8691 36.8673 36.8445 36.8420
Bond MAE 0.0723 0.0030 0.0090 0.0041 0.0129 0.0044
Angle MAE 0.0042 0.0011 0.0005 0.0003 0.0004 0.0002
Dihedral MAE 0.0054 0.0023 0.0028 0.0003 0.0028 0.0007
FES 0.0874 0.0297 0.0353 0.0059 0.0390 0.0103
FES MAE Min 0.0121 0.0058 0.0007 0.0005 0.0008 0.0012
FES MAE Max 0.1970 0.0516 0.0875 0.0156 0.0825 0.0187

Table B.1: The table shows a variety of different error metrics for Allegro models, trained on hexane, both with and
without energy labels. Results are given as a function of data size, and the best performing model for each data amount

and each model type (energy labeled versus non-energy labeled) are shown. This represents a selection of the param-
eters that were swept over in model optimization, serving to highlight the differing hyper parameters found for each
model. The parameters shown are the learning rate (LR), batch size, energy weight, and force weight in the loss function.
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B.6 TraiNING DATA GENERATION

The data for the toy model considered in this work can be generated via numerical integration. Here
we use the trapezoid rule techniques to collect force, energy, and free energy information at regular
intervals.

For collecting unconstrained hexane data, structures and energies are saved every 100fs for a total
of 500,000 structures. Molecular dynamics for this purpose was performed with a Nose Hoover
thermostat and 1fs timestep, using the LAMMPS MD code ' *°. Data files with OPLS parameters

were generated using the LigParGen server "°%%,
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B.7 GP INSTABILITIES

In our work we encountered two sources of numerical instability, one of which is illuminated by
the toy model. First, the choice of kernel function in GP implementations has implications for the
resulting kernel matrices. In the highly simplified example with two CG sites that we examined for

the toy model, a normalized dot product kernel

4y ®9)

) =o( %
77

leads to a force-energy kernel that is zero for identical descriptors. In this expression, o is the kernel
signal parameter and £ the power of the dot product. This effectively makes it more challenging for
the model to learn. We note that when the normalization is removed, this issue goes away. There-
fore, for the toy model we use an un-normalized dot product kernel.

Second, we observe that ML models are prone to exploding when they encounter states of high
uncertainty. While this is not an issue for the toy model, whose phase-space is quite small, this be-
comes problematic for the single-molecule hexane systems considered in this work. Previous active
learning efforts have found stability in models of relatively large liquids**, but the single molecule
limit is a special case. Unlike in liquid systems, each frame of training data provides less force infor-
mation, and it becomes more challenging to capture important transition state information.

To counter the issue of phase space exploration and ensuing instability, we could turn to on-the-
fly active learning to generate more diverse and informative data for the hexane molecule. However,
we note that this would require the use of a normalized kernel to define a relative uncertainty thresh-
old. Itis unclear whether or not the numerical issues that present in the 2 CG site case persist in the
4 CG site case encountered by the hexane models, and if so then to what extent. This motivates fu-

ture work on better understanding stability. As such, we have focused on the use of neural network
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approaches for real systems.

B.8 MODEL SIMULATION DETAILS

Simulations of the hexane molecule are performed in LAMMPS via in-house software for the Al-
legro force field. Appropriate modifications are made to incorporate the temperature parameter.
For each model, a 2ns simulation was run after a 200ps equilibration period, using a o.s fs timestep.
While note strictly necessary, a smaller timestep than the all-atom case was used to ensure stability.
A Langevin thermostat at 250K with a damping parameter of 100 femtoseconds was used, and sam-
ples of positions were collected every 200 steps. Each model was run with different starting velocities

to enhance sample efficiency.
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